Delft Univ ersity of Technology

Delft Center for Systems and Control

Tednical report 04-021

Learning-based model predictiv e
control for Mark ov decision pro cesses

R.R. Negerborn, B. De Scutter, M.A. Wiering, and H.
Hellendoorn

If you want to cite this report, please use the following reference instead:
R.R. Negerborn, B. De Schutter, M.A. Wiering, and H. Hellendoorn,
\Learning-based model predictiv e corntrol for Markov decisionprocesses,'Pro-
ceedings of the 16th IFAC World Congress Prague, Czed Republic, July 2005.
Paper 2106/ We-M16-TO/2.

Delft Center for Systemsand Control
Delft University of Technology
Mekelweg 2, 2628 CD Delft

The Netherlands

phone: +31-15-278.51.19(secretary)
fax: +31-15-278.66.79

URL: http://www.dcsc.tudelft.nl

This report can also be downloaded via http://www.dcsc.tudelft.nl/~bdeschutter/pub/abstracts/
04_021_abstr.html



LEARNING-B ASED MODEL PREDICTIVE CONTROL
FOR MARK OV DECISION PROCESSES

Rudy R. Negenbon ‘! Bart De Schutter

Marco A. Wiering

Hans Hellendoom

Delft Centerfor Systemand Contol
Delft University of Technolagy, Delft, TheNetherlands
Instituteof Informationand ComputingSciences
Utredht University, Utrecht, TheNetherlands

Abstract:We proposehe useof Model Predictie Control(MPC) for controllingsystems
describedby Markov decision processesFirst, we considera straightforvard MPC
algorithmfor Markov decisionprocessesThen, we proposevalue functions,a means
to dealwith issuesarisingin corventionalMPC, e.g.,computationakrequirementsand
sub-optimalityof actions.We usereinforcementearningto let an MPC agentlearna
valuefunctionincrementallyTheagentincorporategxperiencerom theinteractionwith
thesystemin its decisionmaking.Our approachnitially relieson pureMPC. Overtime,
asexperiencancreasesthe learnedvaluefunctionis taken moreandmoreinto account.
This speedsip the decisionmaking,allows decisiongo be madeover anin nite instead
of a nite horizon,andprovidesadequateontrolactions,evenif the systemanddesired
performanceslowly vary overtime. Copyright ¢ 20051FAC

Keywords:Markov decisionprocessegredictive control,learning.

1. INTRODUCTION

Overthelastdecadedlodel Predictve Control(MPC)
hasbecomeanimportanttechnologyfor nding con-
trol policiesfor comple, dynamicsystemsasfound
in, e.g.,the procesdndustry (CamachaandBordons,
1995; Morari andLee, 1999). As the namesuggests,
MPC is basedon modelsthat describethe behaior
of a system.Typically, thesemodelsare systemsof
differenceor differential equationsin this paperwe
considerthe applicationof MPC to systemshat can
be modeledby Markov decision processesa sub-
classof discrete-gentmodels.Moreover, we propose
a learning-basedxtensionfor reducingthe on-line
computationalkost of the MPC algorithm, using re-
inforcementlearningto learn expectationsof perfor
manceon-line. The approactellows for systemmod-
els to changegradually over time, resultsin fewer
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computationghan corventional MPC, and improves
decisionquality by makingdecisionsover anin nite
horizon.

We consideran agentcontrolling a dynamicsystem
at discretedecisionsteps.At eachdecisionstep,the
agentobsenresthe stateof the systemanddetermines
the next actionto take basedon the obsenation and
a policy. A policy mapsstatesto actionsand it is
the agents taskto determinea policy that makesthe
systembehae in anoptimalway.

This paperis organizedasfollows. We introducecon-
ventionalMPC in Section2. Thenwe proposeMPC
for systemghat canbe modeledby Markov decision
processe Section3. We considerthe useof value
functionsin MPC in Section4. To improve computa-
tional and decisionmaking performanceve improve
themethodwith reinforcementearningin Section5.



2. MODEL PREDICTIVECONTROL

MPC (CamachandBordons,1995; Morari andLee,
1999; Maciejavski, 2002) is a model-basedontrol

approachthat hasfound successfubpplication,e.g.,
in the procesdndustry In MPC, a control agentuses
a systemmodel to predictthe behaior of a system
undervariousactions.The control agent nds a se-
guenceof actionsthat bring the systemin a desired
state while minimizing negative effectsof theactions,
andtakingconstraintsnto accountIn orderto nd the
sequencef appropriatectionsthecontrolagentuses
a performancefunction. This performancefunction
evaluatesthe preferability of beingin a certainstate
and performing a certain action by giving rewards.
Let us denoteby ry the reward given by the perfor

actionsto be determinedby the agent,andby E the
expectang operatotakingthesystemuncertaintyinto
account.We may thenwrite the task of the agentas
solvingthe optimizationproblem:

max E re ; ()
k=0

subjectto the systemmodel, the performancefunc-
tion, andthe constraints.

Basing actionson the model predictionsintroduces
issueswith robustnesslueto the factthatmodelsare
inherentlyinaccurateand thus predictionsfurther in
the future aremoreandmoreuncertain.To dealwith
this,MPCusesarolling orrecedinghorizon whichin-
volvesreformulatingtheoptimizationproblemateach
decisionstepusingthelatestobsenationof thesystem
state.However, the rolling horizonincreasesompu-
tational costs,sinceat eachdecisionstepa sequence
of actionshasto be determinedto male sure no
constraintsareviolated. In practicethis is intractable
for mary applicationsTo reducecomputationatosts,
MPC usesa contmol horizon apredictionhorizon and
a performance-to-goThe control horizondetermines
the numberof actionsto nd. The prediction hori-
zon determineshow far the behaior of the system
is predicted.The performance-to-ggivesthe sumof
the reward obtainedfrom the stateat the end of the
predictionhorizonuntil in nity underacertainpolicy.
With theseprinciples(1) canberewritten as:

h nk¥Ne o n ko Np o]
_max E r« +E re +
ako,...,ak0+Nc K= Ko lﬁ: Ko+ No+1
\ Xko+Np+l s 2

whereV is theperformance-to-géunction,indicating
the expectedsum of future rewardswhenin a cer
tain state.In generalthe performance-to-gdunction
is not known in adwance;it may be assumedzero,
approximatedvith a Lyapune function (Jadbabaiet
al., 1999),or be learnedfrom experienceaswe shall
discussn Sectionb.
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Fig. 1. Exampleof corventional MPC. The control
problemisto nd actionsuy to uk+ n,, suchthat
afterN, stepsthe systembehaior y approaches
thedesirechehaiory . Inthisexampley indeed
reacheshedesiredsetpointy .

Implementatiordetailsof (2) dependon the structure
of the systemmodel and performancefunction. In
general, MPC methodshave the following scheme
(seeFigurel):

(1) Thehorizonis movedtothecurrentdecisionstep
ko by observingthe stateof the true systemand
reformulating the optimization problem of (2)
usingthe obsenedstateasinitial statexy, .

(2) Theformulatedoptimizationproblemis solved,
often using general solution techniques(e.g.,
quadratiqrogrammingsequentiatjuadratiqro-
gramming, ...). The optimization problem is
solvedtakinginto accountconstraint®n actions
andstates.

(3) Actionsfoundin the optimizationprocedureare
executeduntil the next decisionstep. Typically
only oneactionis performed.

Advantagesof MPC lie in the explicit integration of
input andstateconstraintsDueto therolling horizon
MPC adaptseasilyto new contets and canbe used
without interventionfor long periods.Moreover, only
few parametersieedto be tuned,i.e., the prediction
andcontrolhorizon.However, the optimizationprob-
lem may still requiretoo mary computationsge.g.,
when the control horizon becomedarge. Resources
requiredfor computationand memorymay be high,
increasingmore whenthe predictionhorizon or sys-
tem compleity increasesBesidesthat, solutionsto
the nite horizonproblemsdo notguarantesolutions
to theproblemoverthein nite horizon.

Researchn the pasthasaddressedheseissuesfor
conventional MPC, typically using modelsthat are
systemsof difference or differential equations.In
the following sectionswe propose MPC for sys-
temsmodeledby Markov decisionprocesseandcon-
siderimproving speedand decisionquality usingthe
performance-to-géunctionandexperience.



3. MPCFORMARKOV DECISIONPROCESSES
3.1 Markov DecisionProcesses

Markov decisionprocesse¢Puterman,1994)are ap-
plicablein elds characterizethy uncertainstatetran-
sitionsandanecessityfor sequentiatiecisionmaking,
e.g., robot control, manugcturing,and trafc signal
control (Wiering, 2000). Markov decisionprocesses
satisfythe Markov property, statingthat statetransi-
tions are conditionallyindependenfrom actionsand
stateeencounteretdeforethecurrentdecisionstep.An
agentcanthereforerely onapolicy thatdirectly maps
statesto actionsto determinethe next action. After
executionof anaction,the systemis assumedo stay
in the new stateuntil the next action,i.e., the system
hasnoautonomouehaior. Figure2 shavsthegraph
representationf someMarkov decisionprocess.
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r(x%;a% xt)
P (x3jx?; a%)
r(x?;a%;x8%)

P (x*jx2; a%)

P (x%jxt; at
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P (x3jx1; a?)

r(xt; a?;x®)

Fig. 2. Exampleof aMarkov decisionprocessA node
represents state.An arc represents transition
from onestateto anotherundera certainaction.
An arcis labeledwith atransitionprobabilityand
arewardobtainableunderthetransition.

We usek as counterthat indicatesthe decisionstep.
At eachstepthe systemis in one out of a nite set

evolves accordingto systemmodel : P(xYx; a),
where P (x9x; a) is the probability of transitioning
from statex to statexafteractiona is performedThe
performancdunctionis givenby r, wherer (x; a; x9
is thereward obtainedwith the transitionfrom statex
to statex® underactiona.

Constraintscan be included explicitly by restricting
actionsandreachabletatesprimplicitly by imposing
a highly negative rewardfor certaintransitionsaswe
will seetheagentwill try to avoid thesetransitions.

As anexample,in localtraf ¢ signalcontrolatanin-

tersectiona statecanconsistof the numberof carsin

frontof thetrafc signals Actionsin eachstateconsist
of trafc signal con gurations. Transition probabili-
ties may dependon the numberof carsleaving the
crossroadaluringagreensignal.Revardsmaydepend
on the averagewaiting time, with lower waiting time

indicatinghigherreward. Constrainton actionscon-
sistof admissiblesafe traf c signalcon gurations.

3.2 Straightforwad MPC Appmoach

Let us considerthe straightforvard application of
MPC to Markov decision processesSimilar to al-
ternative approachesthe rolling horizon principle is
easily included by letting the agentsynchronizeat
eachdecisionstepits currentestimateof the system
statewith a newv obsenation of the systemstate.The
control horizon should equalthe predictionhorizon,
sincethe systemswe considerhave no autonomous
behaior andthesetof possibleactionscanchangeper
state Thereforeasis usuallyassumedh conventional
MPC, assumingconstantactionsbetweenthe end of
the control horizonandthe predictionhorizonis not
reasonablén ourcase.

The agentusesthe Markov decisionprocessto nd
a sequencedf N actionsthat gives the bestperfor
manceover the control horizon. From the graphical
viewpoint of Markov decisionprocesseshis comes
down to nding the path of N. stepsthat hasthe
highestexpectedaccumulatedeward. This yieldsthe
following straightforwvard MPC algorithmfor Markov
decisionprocesses:

(1) Roll thehorizonto thecurrentstepby observing
the stateof the system.De ne the optimization
problemof nding the actionsover the control
horizon that maximize the sum of the rewards
startingfrom the obsenredstate.

(2) Find all pathsof lengthN. andaccumulatehe
rewards.Determinethe sequenc®f actionsthat
leadsto the path with the highestaccumulated
reward.

(3) Implementthe rst actionof this sequencend
move onto the next decisionstep.

TheproposedvPC algorithmcansuffer from thedis-
adwantagesdiscusseckearlier for generalMPC tech-
nigues. The amountof computationalresourcesre-
quiredto considemll pathsoveralengthof thecontrol
horizon dependson N, and the numberof actions
possiblefrom each encounteredstate. In particular
whenthereis averylargenumberof actionsfrom each
state,it maybeintractableto considerall paths.Also
whetheror not the systemmodelor the performance
modelaredeterministioor stochastidasin uence on
the speedat which the pathscan be evaluated.Fur
thermore becausef the limited horizon over which
actionsare consideredthe resulting policy may be
suboptimal Thisis in particularthe casesincewe ig-
noredthe performance-to-g& , asis commonlydone
in conventionalMPC.

As a solution we cantake a small control horizon.
However, this may result in increasedsub-optimal
decisionmaking,in particularwhenwe keepignoring
the performance-to-goln the following we will not
ignorethis performancendicator We will from now

on refer to the performance-to-g@s value function

and usethe information from this value function to

improve the computationsequiredat eachstep.



4, MPCWITH VALUE FUNCTIONS
4.1 ValueFunctions

A value functionV givesthe expectedaccumulated
future reward for eachstatex anda policy . The
optimal valuefunctionV  givesthe highestpossible
expectedaccumulatediuture reward for each state.
This highest possiblefuture reward is obtainedby
following the actionsthat an optimal policy pre-
scribeg . Whereasn previoussectionsve considered
a deterministicpolicy, from nov on we considera
probabilisticpolicy. The optimalvaluefunctionV is
thenobtainedby solvingfor eachxy,:
n x 0
r(Xk; (Xk)iXk+1)
k= ko

V  Xg, = maxE

Assumethe optimal value function is knowvn. From
thegraphicaliewpointof Markov decisionprocesses,
we can label each node with a value, or expected
accumulateduturereward. In thatcase the agenthas
to consideonly theactionsa 2 Ay possibldan current
statex and nd theactionthatgivesthehighestsumof
directly obtainablereward plus expectedaccumulated
future reward of the resulting state after the action
would have beenexecuted.This sum, called the Q
value for the (x; a)-pair, is usedby the agentto nd
theactionthatgivesthe highestQ valueasfollows:

ax = arg max

a2Ay .

hx k i

P(x9xi;a) r(xi;a;x)+ Vv (x9

x0
Thus, when the optimal value function is known,
instead of consideringN. steps,the agenthasto
consideronly a one-stepoptimization procedureat
eachdecisionstep,i.e., the control horizonbecomes
N¢ = 1. Moreover, sincethevaluefunctionis optimal
over thein nite horizon, alsothe chosenactionsare
optimaloverthein nite horizon.

In generalneitheroptimal policiesnor optimal value
functionsare known in adwance.In our case,value
functionscannotbe computedeasilyin a straightfor
ward way, sincethe reward over an in nite horizon
cannotbe summedexplicitly. Instead the valuefunc-
tion can be approximated.Dynamic-programming
methodgBellman,1957)useoneway of approximat-
ing the valuefunction. Dynamic-programmingneth-
ods approximatethe value function by introducinga
discountfactor. This discountfactorlets the in nite
sumof rewardscornverge. Usingadiscountfactor the
valuefunctionis approximateas:
n x (o]
KoRor(xi; (%K) Xks1)

®)

\Y (Xko) =E
k:ko

2 For the sale of simplicity we assumea unique optimal policy.
Extensiorto thenon-uniquecasss straightforvardby choosingone
of theoptimums.

where 2 (0;1) isthediscountfactor Thecloser is
chosento 1, the morelong-termperformancesxpec-
tationsaretakeninto account.The valuefunction (3)
canbewritten r):t(s:

\% (Xko) = P (ajxko)
aZAXko

i
r(Xk,; a;x% + P (xYxk,; @)V (X9 ;

x0

where P (ajx) is the probability that the policy
will selectactiona in statex. This kind of equation
is calleda Bellmanequation.Dynamic-programming
methodstreatthe valuesof the optimal valuesof the
statesasunknavns. In that casea systemof Bellman
equationsfor all statesforms a systemof equations
whoseuniquesolutionis the optimal value function
(SuttonandBarto,1998).

4.2 Value-FunctionMPC Approach

Usingthevaluefunctionwe canformulateanenw MPC
algorithmfor Markov decisionprocesseasfollows:

(1) Apply therolling horizonprinciple,updatingthe
stateestimatewith ameasuremerdf the state.

(2) Computethevaluefunction giventhe latestsys-
temmodel.

(3) Formulatethe optimizationproblemover a con-
trol horizonof N, = 1 of nding theactionthat
bringsthe stateof the systeminto the statewith
the highestvalue.Solve the problem.

(4) Implementthe found actionandmove on to the
next decisionstep.

The adwantageof this approachis that the control
horizonis only of lengthone.Moreover, by usingthe
most up-to-datesystemmodelto computethe value
function at eachdecisionstep,actionsare adequate,
even in the event of (slowly) changingsystemand
performancalesires.

However, computing the optimal value function at
eachdecisionstepcancomputationallypevery expen-
sive. Computingthe optimal value function off-line
beforethe agentstartscontrollingthe system(e.g.,as
donein (Bemporadet al., 2002) for linear systems)
reduceson-line computationsput doesnot allow for
the systemto vary over time. Although the rolling
horizonprovidessomerobustnessstructuralchanges
in parametersf the systemmodelarenotanticipated.

Insteadof recomputinghe valuefunctionat eachde-
cision step,we could updatethe value function on-
line usingexperiencdrom theinteractionbetweerthe
agentand the true system.We proposeto combine
MPC for Markov decision processeswith learning
the value function on-line usingreinforcementearn-
ing. This way, systemchangesreanticipatedon-line
while not computingthe valuefunctionat every deci-
sionstep.



5. MPCWITH REINFORCEMENTLEARNING
5.1 Reinfocementearning

In reinforcementlearning (Sutton and Barto, 1998;
Kaelblingetal., 1996;Wiering, 1999)boththe model
of the stochasticsystemandthe desiredbehaior are
unknovn a priori. To determinea policy, the agent
incrementallycomputesthe value function basedon
performancéndicationsandinteractionwith the sys-
tem, which implicitly containsthe systemmodel. At
eachdecisionstepthe valuefunction of the lastdeci-
sionstepis updatedwith the newly gainedexperience
consistingof astate-action-stateansitionandreward.
By obtainingsufciently mary experienceshe agent
canaccuratelyestimatethevaluefunction.

In Temporal-Diference( ) learning(TD( )) (Sutton,
1988) the differencebetweenvalue estimatesf suc-
cessve decisionstepsis minimized, explicitly using
value estimatesof successie states.The parameter

2 [0; 1] weighsreward andvalue estimatedurther
away in thefutureexponentiallyless.With probability
1 valueestimatesanbe guaranteetb corvergeto the
truevaluesfor all  (Sutton,1988).

TD( ) learninguseseligibility tracesto incrementally
learn the value function, which we assumeinitially
containsarbitrary ( nite) values.The valueof a state
dependsn the valuesof successostates.Therefore,
the value updateof a statealsodependon the value
updatesof successie states.In fact, to computethe
updatefor astate all futureupdatesieedto beknown,
which is impossiblefor the in nite-horizon case.In-
steadyaluescanbe updatedncrementallyasnew up-
datesbecomeavailable usingeligibility traces(Barto
etal., 1983).Thesetracesindicatethe amounta state
is eligible to learnfrom new experienceThis depends
on , the receng of the state appearanceand the
frequeng of thestateappearanc&heupdate V'(x)
of thelearnedvalueof a stateusingarewardreceved
in thefuturecanbe shavn to be:

Vix) = (edk(x)

where (x) is asuitablelearningrate,whichcanguar
anteecorvergence;errorex = i +  V!'(Xgs1)
V!(xx) indicatesfor a statethe differencebetween
the previously learnedvalue V' (xx) andthe sampled
valuebasedon the obtainedrewardr, andthe previ-
ouslylearnedvalueV'(x+1 ) for the successostate;
Ik (x) representshe accumulatingeligibility tracefor
X, which is initially zeroand canrecursvely be up-
datedas:

if Xk 6 X
if Xk = X:

Ik ()
L (x) + 1

l+1 (X)
lk+1 (X)

The uncertaintyin the updatecanbe computedusing
the error gc. For thecase = 0 the uncertainty(or
variance)in the updateis 2 = eZ. More general
resultson error boundsfor TD learningare reported
in (KearnsandSingh,2000).

5.2 TD-MPC Approac

We considera collaboratve approachn which MPC

provides basicrobustnessand decisionmaking over

the relatively short term, while learning provides
robustness,adaptation,and decision making over

the long term. The agentgradually incorporateshe

learnedvalue function in its decisionmaking as ex-

perienceincreaseslnitially uncertaintyin the value
estimatesds high, so it will just use MPC. Samples
generatedy the MPC part are predictionsaboutthe

behaior of the systemand predictionsabout what
is optimal to do over the control horizon. Learning
usesthe samplesasidealizedexperience jncorporat-
ing themin its value function. Over time the uncer

tainty in the valueestimatesiecreaseaVhenthe un-

certaintyis below athresholdtheagentuseshevalue
estimatestherebydecreasinghe controlhorizonover

which MPC computespaths.Sincethe agentusesa

learnedvalueonly whentheuncertaintyin it is belov a

thresholdyvaluescanbeinitializedto ary nite value.
We proposehefollowing algorithm:

(1) Rollthehorizonto the currentstepk.

(2) Foreachpathof N (x; a;r; x9 4-tuplesstarting
from the currentstate considereachstate.If the
uncertaintyin the value estimateof an encoun-
teredstateis belov athresholdusethevalueplus
reward summecdbver earlierstepsin thatpathas
indication for the expectedaccumulateduture
reward, andstopconsideringhe path.Else,add
thegivenrewardto thesummedewardover ear
lier stepsin the pathandmove to the next state.

(3) Incorporatethe (x; a; r; x%-samplescreatedby
MPC in the value function as experienceusing
TD learning and reducethe uncertaintyin the
valueestimates.

(4) Implementthe rst actionin the sequenceleter
minedandmove to the next decisionstep.

The describedalgorithmhassomeattractve features.
Oncethevaluefunctionis computedvith highenough
accurag, the computationallyintensive MPC opti-

mizationsover the full controlhorizonusingthe sys-
tem modelandthe performancdunction arereduced
to aone-steptimizationusingthesystemmodeland
the value function. Moreover, using the experience,
the decisionsare basedon an in nite horizon, since
valuesof statesrepresentexpectedaccumulatede-

wardoverthefull future.Constrainwiolationsarethus
anticipatecbetter

The agentwill proposeadequateactions,even if the
systemand desired performanceslowly vary over
time.In particularfor systemswith alonglifetime this
is an adwvantage.The systemmodeland performance
function can be updatedat eachdecisionstep. The
agentwill thengeneratesamplesusingtheseupdated
models,and the learning part will incorporatethese
samplesandadjustto the new situation.



6. CONCLUSIONS& FUTURERESEARCH

In this paperwe have consideredModel Predictve
Control (MPC) for Markov decisionprocessesWe
have rst considered straightforvard algorithm for
thesekind of models.To dealhigh computationate-
guirementsand sub-optimalityissues,we have pro-
posecdthe useof the performance-to-gor valuefunc-
tion. With optimal value functionsthe MPC control
horizonbecomesengthone.Speeds increasedwhile
decisionsarebasednin nite-horizon predictions.

In generalhowever, optimal value functionsare not

known a priori. In this paperwe have considered
using experienceto incrementallylearn value func-

tionsover time. With reinforcement-learningnethods
like temporal-diferencelearning the agentincorpo-
ratesexperiencebuilt up throughinteractionwith the

system.It canover time get a good estimateof the

value function. Once sufcient experiencehasbeen
obtained,the agentusesthis to its fullest, requiring
lesscomputationghanthe non-learningapproach.

An additionaladvantageof theproposedpproacHies

in that the agentadaptsto changingsystemand per

formancecharacteristicsTheperformancéunctionor

systemunder control may slowly changeover time.

Sincetheagentincorporatesienly gainedexperience
ateachdecisionstep,it will adapto thesechangesnd
still produceadequatections.

We notethatin this paperwe have consideredrD( )
learningfor nite Markov decisionprocesseslto deal
with high dimensionalcontinuousaction and state
spaceswe can use actorcritic methods(Suttonand
Barto,1998).Moreover, in this papemwe have silently
assumedanexplicit tatularvalue-functiorrepresenta-
tion. If an explicit representatioiis not available,we
mayuseanimplicit representatiore.g.,afunctionap-
proximator(SuttonandBarto, 1998).MPC may then
still be combinedfruitfully with learning.

Futureresearchirectionsconsistof consideringalter
native ways to include the uncertaintyin the gained
experiencein the decision making. Also, accurag
boundsandcomparisonsvith alternatve adaptve and
learning control approachesan be made. Further
more,experimentsneedto be implementedo further
investicate and shav the potential of the proposed
learning-basedPC for Markov decisionprocesses.
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