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Abstract:Weproposetheuseof ModelPredictiveControl(MPC) for controllingsystems
describedby Markov decision processes.First, we considera straightforward MPC
algorithm for Markov decisionprocesses.Then,we proposevalue functions,a means
to dealwith issuesarising in conventionalMPC, e.g.,computationalrequirementsand
sub-optimalityof actions.We usereinforcementlearningto let an MPC agentlearn a
valuefunctionincrementally. Theagentincorporatesexperiencefrom theinteractionwith
thesystemin its decisionmaking.Our approachinitially relieson pureMPC.Over time,
asexperienceincreases,thelearnedvaluefunctionis takenmoreandmoreinto account.
This speedsup thedecisionmaking,allows decisionsto bemadeover anin�nite instead
of a �nite horizon,andprovidesadequatecontrolactions,evenif thesystemanddesired
performanceslowly varyover time.Copyright c
 2005IFAC

Keywords:Markov decisionprocesses,predictive control,learning.

1. INTRODUCTION

OverthelastdecadesModelPredictiveControl(MPC)
hasbecomean importanttechnologyfor �nding con-
trol policiesfor complex, dynamicsystems,asfound
in, e.g.,theprocessindustry(CamachoandBordons,
1995;Morari andLee,1999).As the namesuggests,
MPC is basedon modelsthat describethe behavior
of a system.Typically, thesemodelsare systemsof
differenceor differentialequations.In this paperwe
considerthe applicationof MPC to systemsthat can
be modeledby Markov decision processes,a sub-
classof discrete-eventmodels.Moreover, we propose
a learning-basedextensionfor reducingthe on-line
computationalcost of the MPC algorithm,using re-
inforcementlearningto learnexpectationsof perfor-
manceon-line.Theapproachallows for systemmod-
els to changegradually over time, results in fewer
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computationsthanconventionalMPC, and improves
decisionquality by makingdecisionsover an in�nite
horizon.

We consideran agentcontrolling a dynamicsystem
at discretedecisionsteps.At eachdecisionstep,the
agentobservesthestateof thesystemanddetermines
the next action to take basedon the observation and
a policy. A policy mapsstatesto actionsand it is
the agent's taskto determinea policy that makesthe
systembehave in anoptimalway.

This paperis organizedasfollows.We introducecon-
ventionalMPC in Section2. Thenwe proposeMPC
for systemsthat canbemodeledby Markov decision
processesin Section3. We considerthe useof value
functionsin MPC in Section4. To improve computa-
tional anddecisionmakingperformancewe improve
themethodwith reinforcementlearningin Section5.



2. MODEL PREDICTIVECONTROL

MPC (CamachoandBordons,1995;Morari andLee,
1999; Maciejowski, 2002) is a model-basedcontrol
approachthat hasfound successfulapplication,e.g.,
in theprocessindustry. In MPC, a controlagentuses
a systemmodel to predict the behavior of a system
undervariousactions.The control agent�nds a se-
quenceof actionsthat bring the systemin a desired
state,while minimizingnegativeeffectsof theactions,
andtakingconstraintsinto account.In orderto �nd the
sequenceof appropriateactions,thecontrolagentuses
a performancefunction. This performancefunction
evaluatesthe preferabilityof being in a certainstate
and performing a certain action by giving rewards.
Let us denoteby r k the reward given by the perfor-
mancefunctionat decisionstepk, by a0; : : : ; a1 the
actionsto be determinedby the agent,andby E the
expectancy operatortakingthesystemuncertaintyinto
account.We may thenwrite the taskof the agentas
solvingtheoptimizationproblem:

max
a0 ;:::;a 1

E
n 1X

k=0

r k

o
; (1)

subjectto the systemmodel, the performancefunc-
tion, andtheconstraints.

Basing actionson the model predictionsintroduces
issueswith robustnessdueto the fact thatmodelsare
inherently inaccurateand thus predictionsfurther in
the futurearemoreandmoreuncertain.To dealwith
this,MPCusesarolling or recedinghorizon, whichin-
volvesreformulatingtheoptimizationproblemateach
decisionstepusingthelatestobservationof thesystem
state.However, the rolling horizonincreasescompu-
tationalcosts,sinceat eachdecisionstepa sequence
of actions has to be determinedto make sure no
constraintsareviolated.In practicethis is intractable
for many applications.To reducecomputationalcosts,
MPCusesacontrol horizon, apredictionhorizon, and
a performance-to-go. Thecontrolhorizondetermines
the numberof actionsto �nd. The prediction hori-
zon determineshow far the behavior of the system
is predicted.Theperformance-to-gogivesthesumof
the reward obtainedfrom the stateat the end of the
predictionhorizonuntil in�nity underacertainpolicy.
With theseprinciples(1) canberewrittenas:

max
ak 0 ;::: ;a k 0 + N c

h
E

n k0 + N cX

k= k0

r k

o
+ E

n k0 + N pX

k= k0 + N c +1

r k

o
+

V
�
xk0 + N p +1

� i
; (2)

whereV is theperformance-to-gofunction,indicating
the expectedsum of future rewards when in a cer-
tain state.In generalthe performance-to-gofunction
is not known in advance; it may be assumedzero,
approximatedwith aLyapunov function(Jadbabaieet
al., 1999),or be learnedfrom experience,aswe shall
discussin Section5.

future

k

control horizon prediction horizon

k +1 +k Nc +k Np

computed control inputs u

predicted outputs y

past set point y*

Fig. 1. Exampleof conventional MPC. The control
problemis to �nd actionsuk to uk+ N c , suchthat
afterNp stepsthesystembehavior y approaches
thedesiredbehavior y� . In thisexample,y indeed
reachesthedesiredsetpoint y� .

Implementationdetailsof (2) dependon thestructure
of the systemmodel and performancefunction. In
general,MPC methodshave the following scheme
(seeFigure1):

(1) Thehorizonis movedto thecurrentdecisionstep
k0 by observingthestateof the truesystemand
reformulating the optimization problem of (2)
usingtheobservedstateasinitial statexk0 .

(2) The formulatedoptimizationproblemis solved,
often using general solution techniques(e.g.,
quadraticprogramming,sequentialquadraticpro-
gramming, ...). The optimization problem is
solvedtakinginto accountconstraintsonactions
andstates.

(3) Actionsfoundin theoptimizationprocedureare
executeduntil the next decisionstep.Typically
only oneactionis performed.

Advantagesof MPC lie in the explicit integrationof
input andstateconstraints.Dueto therolling horizon
MPC adaptseasily to new contexts andcanbe used
without interventionfor long periods.Moreover, only
few parametersneedto be tuned,i.e., the prediction
andcontrolhorizon.However, theoptimizationprob-
lem may still require too many computations,e.g.,
when the control horizon becomeslarge. Resources
requiredfor computationand memorymay be high,
increasingmorewhenthe predictionhorizonor sys-
tem complexity increases.Besidesthat, solutionsto
the�nite horizonproblemsdonotguaranteesolutions
to theproblemover thein�nite horizon.

Researchin the past has addressedtheseissuesfor
conventional MPC, typically using models that are
systemsof difference or differential equations.In
the following sectionswe proposeMPC for sys-
temsmodeledby Markov decisionprocessesandcon-
siderimproving speedanddecisionquality usingthe
performance-to-gofunctionandexperience.



3. MPCFORMARKOV DECISIONPROCESSES

3.1 Markov DecisionProcesses

Markov decisionprocesses(Puterman,1994)areap-
plicablein �elds characterizedby uncertainstatetran-
sitionsandanecessityfor sequentialdecisionmaking,
e.g., robot control, manufacturing,and traf�c signal
control (Wiering, 2000). Markov decisionprocesses
satisfy the Markov property, statingthat statetransi-
tions areconditionally independentfrom actionsand
statesencounteredbeforethecurrentdecisionstep.An
agentcanthereforerely onapolicy thatdirectlymaps
statesto actionsto determinethe next action. After
executionof anaction,thesystemis assumedto stay
in the new stateuntil the next action,i.e., the system
hasnoautonomousbehavior. Figure2showsthegraph
representationof someMarkov decisionprocess.
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Fig.2.Exampleof aMarkov decisionprocess.A node
representsa state.An arc representsa transition
from onestateto anotherundera certainaction.
An arcis labeledwith atransitionprobabilityand
a rewardobtainableunderthetransition.

We usek ascounterthat indicatesthe decisionstep.
At eachstepthe systemis in one out of a �nite set
of statesX = f x1; x2; : : : ; xN g. In eachstatex 2
X there is a �nite set of actionsAx that the agent
canperform(Ax = f a1; a2; : : : ; aM x g). The system
evolves accordingto systemmodel � : P(x0jx; a),
where P(x0jx; a) is the probability of transitioning
from statex to statex0afteractiona is performed.The
performancefunction is givenby r , wherer (x; a; x0)
is therewardobtainedwith thetransitionfrom statex
to statex0 underactiona.

Constraintscan be includedexplicitly by restricting
actionsandreachablestates,or implicitly by imposing
a highly negative rewardfor certaintransitions;aswe
will see,theagentwill try to avoid thesetransitions.

As anexample,in local traf�c signalcontrolat anin-
tersection,a statecanconsistof thenumberof carsin
front of thetraf�c signals.Actionsin eachstateconsist
of traf�c signal con�gurations.Transitionprobabili-
ties may dependon the numberof cars leaving the
crossroadduringagreensignal.Rewardsmaydepend
on theaveragewaiting time, with lower waiting time
indicatinghigherreward.Constraintson actionscon-
sistof admissible,safe,traf�c signalcon�gurations.

3.2 Straightforward MPCApproach

Let us consider the straightforward application of
MPC to Markov decisionprocesses.Similar to al-
ternative approaches,the rolling horizonprinciple is
easily included by letting the agentsynchronizeat
eachdecisionstepits currentestimateof the system
statewith a new observationof thesystemstate.The
control horizon shouldequalthe predictionhorizon,
sincethe systemswe considerhave no autonomous
behavior andthesetof possibleactionscanchangeper
state.Therefore,asis usuallyassumedin conventional
MPC, assumingconstantactionsbetweenthe endof
the control horizonandthe predictionhorizonis not
reasonablein ourcase.

The agentusesthe Markov decisionprocessto �nd
a sequenceof Nc actionsthat gives the bestperfor-
manceover the control horizon.From the graphical
viewpoint of Markov decisionprocessesthis comes
down to �nding the path of Nc stepsthat has the
highestexpectedaccumulatedreward.This yieldsthe
following straightforwardMPCalgorithmfor Markov
decisionprocesses:

(1) Roll thehorizonto thecurrentstepby observing
the stateof the system.De�ne the optimization
problemof �nding the actionsover the control
horizon that maximize the sum of the rewards
startingfrom theobservedstate.

(2) Find all pathsof lengthNc andaccumulatethe
rewards.Determinethesequenceof actionsthat
leadsto the path with the highestaccumulated
reward.

(3) Implementthe �rst actionof this sequenceand
move on to thenext decisionstep.

TheproposedMPCalgorithmcansuffer from thedis-
advantagesdiscussedearlier for generalMPC tech-
niques.The amountof computationalresourcesre-
quiredto considerall pathsoveralengthof thecontrol
horizon dependson Nc and the numberof actions
possiblefrom eachencounteredstate. In particular
whenthereis averylargenumberof actionsfrom each
state,it maybe intractableto considerall paths.Also
whetheror not the systemmodelor the performance
modelaredeterministicor stochastichasin�uence on
the speedat which the pathscan be evaluated.Fur-
thermore,becauseof the limited horizonover which
actionsare considered,the resulting policy may be
suboptimal.This is in particularthecasesincewe ig-
noredtheperformance-to-goV , asis commonlydone
in conventionalMPC.

As a solution we can take a small control horizon.
However, this may result in increasedsub-optimal
decisionmaking,in particularwhenwekeepignoring
the performance-to-go.In the following we will not
ignorethis performanceindicator. We will from now
on refer to the performance-to-goas value function,
and usethe information from this value function to
improve thecomputationsrequiredateachstep.



4. MPCWITH VALUE FUNCTIONS

4.1 ValueFunctions

A value function V gives the expectedaccumulated
future reward for eachstatex and a policy � . The
optimal valuefunction V � givesthe highestpossible
expectedaccumulatedfuture reward for eachstate.
This highest possiblefuture reward is obtainedby
following the actionsthat an optimal policy � � pre-
scribes2 . Whereasin previoussectionsweconsidered
a deterministicpolicy, from now on we considera
probabilisticpolicy. TheoptimalvaluefunctionV � is
thenobtainedby solvingfor eachxk0 :

V � �
xk0

�
= max

�
E

n 1X

k= k0

r (xk ; � (xk ); xk+1 )
o

:

Assumethe optimal value function is known. From
thegraphicalviewpointof Markov decisionprocesses,
we can label eachnode with a value, or expected
accumulatedfuturereward.In thatcase,theagenthas
to consideronly theactionsa 2 Ax possiblein current
statex and�nd theactionthatgivesthehighestsumof
directly obtainablerewardplusexpectedaccumulated
future reward of the resulting stateafter the action
would have beenexecuted.This sum, called the Q
valuefor the (x; a)-pair, is usedby the agentto �nd
theactionthatgivesthehighestQ valueasfollows:

ak = arg max
a2 A x khX

x 0

P(x0jxk ; a)
�
r (xk ; a; x0) + V � (x0)

� i
:

Thus, when the optimal value function is known,
insteadof consideringNc steps, the agent has to
consideronly a one-stepoptimization procedureat
eachdecisionstep,i.e., the control horizonbecomes
Nc = 1. Moreover, sincethevaluefunctionis optimal
over the in�nite horizon,also the chosenactionsare
optimalover thein�nite horizon.

In generalneitheroptimal policiesnor optimal value
functionsare known in advance.In our case,value
functionscannotbe computedeasilyin a straightfor-
ward way, sincethe reward over an in�nite horizon
cannotbesummedexplicitly. Instead,thevaluefunc-
tion can be approximated.Dynamic-programming
methods(Bellman,1957)useonewayof approximat-
ing thevaluefunction.Dynamic-programmingmeth-
odsapproximatethe valuefunction by introducinga
discountfactor. This discountfactor lets the in�nite
sumof rewardsconverge.Usinga discountfactor, the
valuefunctionis approximatedas:

V � (xk0 ) = E
n 1X

k= k0


 k � k0 r (xk ; � (xk ); xk+1 )
o

;

(3)

2 For the sake of simplicity we assumea uniqueoptimal policy.
Extensionto thenon-uniquecaseis straightforwardby choosingone
of theoptimums.

where
 2 (0; 1) is thediscountfactor. Thecloser
 is
chosento 1, the morelong-termperformanceexpec-
tationsaretaken into account.Thevaluefunction (3)
canbewrittenas:

V � (xk0 ) =
X

a2 A x k 0

P� (ajxk0 ) �

h
r (xk0 ; a; x0) + 


X

x 0

P(x0jxk0 ; a)V (x0)
i
;

where P� (ajx) is the probability that the policy �
will selectactiona in statex. This kind of equation
is calleda Bellmanequation.Dynamic-programming
methodstreatthe valuesof the optimal valuesof the
statesasunknowns.In thatcasea systemof Bellman
equationsfor all statesforms a systemof equations
whoseuniquesolution is the optimal value function
(SuttonandBarto,1998).

4.2 Value-FunctionMPCApproach

Usingthevaluefunctionwecanformulateanew MPC
algorithmfor Markov decisionprocessesasfollows:

(1) Apply therolling horizonprinciple,updatingthe
stateestimatewith ameasurementof thestate.

(2) Computethevaluefunctiongiventhelatestsys-
temmodel.

(3) Formulatetheoptimizationproblemover a con-
trol horizonof Nc = 1 of �nding theactionthat
bringsthestateof thesysteminto thestatewith
thehighestvalue.Solve theproblem.

(4) Implementthe foundactionandmove on to the
next decisionstep.

The advantageof this approachis that the control
horizonis only of lengthone.Moreover, by usingthe
most up-to-datesystemmodel to computethe value
function at eachdecisionstep,actionsare adequate,
even in the event of (slowly) changingsystemand
performancedesires.

However, computing the optimal value function at
eachdecisionstepcancomputationallybeveryexpen-
sive. Computingthe optimal value function off-line
beforetheagentstartscontrollingthesystem(e.g.,as
donein (Bemporadet al., 2002) for linear systems)
reduceson-line computations,but doesnot allow for
the systemto vary over time. Although the rolling
horizonprovidessomerobustness,structuralchanges
in parametersof thesystemmodelarenotanticipated.

Insteadof recomputingthevaluefunctionat eachde-
cision step,we could updatethe value function on-
line usingexperiencefrom theinteractionbetweenthe
agentand the true system.We proposeto combine
MPC for Markov decision processeswith learning
the valuefunction on-line usingreinforcementlearn-
ing. This way, systemchangesareanticipatedon-line
while not computingthevaluefunctionat every deci-
sionstep.



5. MPCWITH REINFORCEMENTLEARNING

5.1 ReinforcementLearning

In reinforcementlearning (Sutton and Barto, 1998;
Kaelblingetal., 1996;Wiering,1999)boththemodel
of the stochasticsystemandthe desiredbehavior are
unknown a priori . To determinea policy, the agent
incrementallycomputesthe value function basedon
performanceindicationsandinteractionwith thesys-
tem, which implicitly containsthe systemmodel.At
eachdecisionstepthevaluefunctionof the lastdeci-
sionstepis updatedwith thenewly gainedexperience
consistingof astate-action-statetransitionandreward.
By obtainingsuf�ciently many experiencestheagent
canaccuratelyestimatethevaluefunction.

In Temporal-Difference(� ) learning(TD(� )) (Sutton,
1988)the differencebetweenvalueestimatesof suc-
cessive decisionstepsis minimized,explicitly using
value estimatesof successive states.The parameter
� 2 [0; 1] weighsreward andvalueestimatesfurther
awayin thefutureexponentiallyless.With probability
1 valueestimatescanbeguaranteedto convergeto the
truevaluesfor all � (Sutton,1988).

TD(� ) learninguseseligibility tracesto incrementally
learn the value function, which we assumeinitially
containsarbitrary(�nite) values.Thevalueof a state
dependson the valuesof successorstates.Therefore,
the valueupdateof a statealsodependson the value
updatesof successive states.In fact, to computethe
updatefor astate,all futureupdatesneedto beknown,
which is impossiblefor the in�nite-horizon case.In-
stead,valuescanbeupdatedincrementallyasnew up-
datesbecomeavailableusingeligibility traces(Barto
et al., 1983).Thesetracesindicatetheamounta state
is eligible to learnfrom new experience.Thisdepends
on � , the recency of the stateappearance,and the
frequency of thestateappearance.Theupdate� V l (x)
of thelearnedvalueof a stateusinga rewardreceived
in thefuturecanbeshown to be:

� V l (x) = � (x)ek lk (x)

where� (x) is asuitablelearningrate,whichcanguar-
anteeconvergence;error ek = r k + 
 V l (xk+1 ) �
V l (xk ) indicatesfor a statethe differencebetween
thepreviously learnedvalueV l (xk ) andthesampled
valuebasedon theobtainedreward r k andtheprevi-
ously learnedvalueV l (xk+1 ) for thesuccessorstate;
lk (x) representstheaccumulatingeligibility tracefor
x, which is initially zeroandcan recursively be up-
datedas:

lk+1 (x)  �
 lk (x) if xk 6= x
lk+1 (x)  �
 lk (x) + 1 if xk = x:

Theuncertaintyin theupdatecanbecomputedusing
the error ek . For the case� = 0 the uncertainty(or
variance)in the updateis � 2

k = e2
k . More general

resultson error boundsfor TD learningarereported
in (KearnsandSingh,2000).

5.2 TD-MPCApproach

We considera collaborative approachin which MPC
provides basicrobustnessand decisionmaking over
the relatively short term, while learning provides
robustness,adaptation,and decision making over
the long term. The agentgradually incorporatesthe
learnedvalue function in its decisionmaking as ex-
perienceincreases.Initially uncertaintyin the value
estimatesis high, so it will just useMPC. Samples
generatedby the MPC part arepredictionsaboutthe
behavior of the systemand predictionsabout what
is optimal to do over the control horizon. Learning
usesthe samplesasidealizedexperience,incorporat-
ing them in its value function. Over time the uncer-
tainty in thevalueestimatesdecreases.Whentheun-
certaintyis below athreshold,theagentusesthevalue
estimates,therebydecreasingthecontrolhorizonover
which MPC computespaths.Sincethe agentusesa
learnedvalueonlywhentheuncertaintyin it isbelow a
threshold,valuescanbeinitialized to any �nite value.
Weproposethefollowing algorithm:

(1) Roll thehorizonto thecurrentstepk.
(2) For eachpathof Nc (x; a; r; x0) 4-tuplesstarting

from thecurrentstate,considereachstate.If the
uncertaintyin the valueestimateof an encoun-
teredstateisbelow athreshold,usethevalueplus
rewardsummedover earlierstepsin thatpathas
indication for the expectedaccumulatedfuture
reward,andstopconsideringthepath.Else,add
thegivenrewardto thesummedrewardoverear-
lier stepsin thepathandmove to thenext state.

(3) Incorporatethe (x; a; r; x0)-samplescreatedby
MPC in the value function asexperienceusing
TD learning and reducethe uncertaintyin the
valueestimates.

(4) Implementthe�rst actionin thesequencedeter-
minedandmove to thenext decisionstep.

Thedescribedalgorithmhassomeattractive features.
Oncethevaluefunctionis computedwith highenough
accuracy, the computationallyintensive MPC opti-
mizationsover the full controlhorizonusingthesys-
temmodelandtheperformancefunctionarereduced
to aone-stepoptimizationusingthesystemmodeland
the value function. Moreover, using the experience,
the decisionsare basedon an in�nite horizon,since
valuesof statesrepresentexpectedaccumulatedre-
wardoverthefull future.Constraintviolationsarethus
anticipatedbetter.

The agentwill proposeadequateactions,even if the
system and desired performanceslowly vary over
time.In particularfor systemswith alonglifetime this
is an advantage.The systemmodelandperformance
function can be updatedat eachdecisionstep.The
agentwill thengeneratesamplesusingtheseupdated
models,and the learningpart will incorporatethese
samplesandadjustto thenew situation.



6. CONCLUSIONS& FUTURERESEARCH

In this paperwe have consideredModel Predictive
Control (MPC) for Markov decisionprocesses.We
have �rst considereda straightforward algorithmfor
thesekind of models.To dealhigh computationalre-
quirementsand sub-optimalityissues,we have pro-
posedtheuseof theperformance-to-goor valuefunc-
tion. With optimal value functionsthe MPC control
horizonbecomeslengthone.Speedis increased,while
decisionsarebasedon in�nite-horizon predictions.

In generalhowever, optimal value functionsare not
known a priori . In this paper we have considered
using experienceto incrementallylearn value func-
tionsover time.With reinforcement-learningmethods
like temporal-differencelearning the agentincorpo-
ratesexperiencebuilt up throughinteractionwith the
system.It can over time get a good estimateof the
value function. Oncesuf�cient experiencehasbeen
obtained,the agentusesthis to its fullest, requiring
lesscomputationsthanthenon-learningapproach.

An additionaladvantageof theproposedapproachlies
in that the agentadaptsto changingsystemandper-
formancecharacteristics.Theperformancefunctionor
systemundercontrol may slowly changeover time.
Sincetheagentincorporatesnewly gainedexperience
ateachdecisionstep,it will adaptto thesechangesand
still produceadequateactions.

We notethat in this paperwe have consideredTD(� )
learningfor �nite Markov decisionprocesses.To deal
with high dimensionalcontinuousaction and state
spaceswe can useactor-critic methods(Suttonand
Barto,1998).Moreover, in thispaperwehavesilently
assumedanexplicit tabularvalue-functionrepresenta-
tion. If an explicit representationis not available,we
mayuseanimplicit representation,e.g.,afunctionap-
proximator(SuttonandBarto,1998).MPC may then
still becombinedfruitfully with learning.

Futureresearchdirectionsconsistof consideringalter-
native ways to include the uncertaintyin the gained
experiencein the decision making. Also, accuracy
boundsandcomparisonswith alternativeadaptiveand
learning control approachescan be made.Further-
more,experimentsneedto be implementedto further
investigate and show the potential of the proposed
learning-basedMPCfor Markov decisionprocesses.
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