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Abstract

Modelpredictivecontrol(MPC) is becominganincreasinglypopularmethodto selectac-
tionsfor controllingdynamicsystems.TraditionallyMPC usesa modelof thesystemto
becontrolledanda performancefunctionto characterizethedesiredbehavior of thesys-
tem.TheMPCagent�nds actionsovera �nite horizonthatleadthesysteminto adesired
direction. A signi�cant problemwith conventionalMPC is theamountof computations
requiredandsuboptimalityof chosenactions.

In this paperwe proposetheuseof MPC to controlsystemsthatcanbedescribedas
Markov decisionprocesses.Wediscusshow astraightforwardMPCalgorithmfor Markov
decisionprocessescanbeimplemented,andhow it canbeimprovedin termsof speedand
decisionquality by consideringvalue functions. We proposethe useof reinforcement
learningtechniquesto let theagentincorporateexperiencefrom the interactionwith the
systemin its decisionmaking.Thisexperiencespeedsupthedecisionmakingof theagent
signi�cantly. Also, it allows theagentto baseits decisionson anin�nite insteadof �nite
horizon.

The proposedapproachcan be bene�cial for any systemthat can be modeledas
Markov decisionprocess,includingsystemsfound in areaslike logistics,traf�c control,
andvehicleautomation.

Keywords
Markov decisionprocess,modelpredictivecontrol,reinforcementlearning
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1 Intr oduction

Controlling Dynamic Systems In this paperwe consideran agentthat interactswith
a controllabledynamicsystemat somediscrete,low-level time scale. At eachdecision
steptheagentobservesthestateof thesystem,andbasedon this observation it chooses
anactionto performon thesystem.Theagentdecideswhich actionis selectedbasedon
apolicy. Thepolicy indicateswhatactiontheagentwill make in eachstate.

Thegoalof thecontrolagentis to �nd a policy thatmapsstatesto actionsin sucha
way that thesystembehavesin thebestway possible.In orderfor theagentto evaluate
how well the systemis behaving, theretypically is somekind of performancefunction.
This function indicateshow well it is to make a certainstate-action-statetransition.The
agenthasto �nd a policy that choosesactionsin statesin sucha way that the overall
performanceis maximized.

Model Predictive Control Over thelastdecadesModel Predictive Control (MPC) has
becomeanimportanttechnologyfor �nding policiesfor complex, dynamicsystems.MPC
is popularmainlydueto its easywayof integratingconstraintsonactionsandstatesin the
controlof asystem.

MPC hasfound wide applicationin the processindustry. Recently, MPC hasalso
startedto beusedin traf�c control. VandenBerg et al. (2004)considerusingMPC for
controllingmixedurbanandfreewaytraf�c, wheretheobjectiveis to maketraf�c in urban
areasandonfreewayssmoothlyinteractwith eachotherin suchawaythattotaltimespent
in thenetwork is minimized. Bellemanset al. (2002)considerMPC for controlof ramp
meterinstallations.Dunbar& Murray (2002)useMPC in a distributedsettingto control
multiple vehiclesthathave to drive in a speci�c formation.Hegyi (2004)considersusing
MPC to control differenttraf�c measuresat thesametime: rampmeteringandvariable
speedlimits, route guidanceand ramp metering,and ramp meteringand main-stream
metering.

As the namesuggests,MPC is basedon modelsthat describethe behavior of a sys-
tem. Thesemodelscanbesystemsof differenceor differentialequations,hybrid models,
or discrete-event models. In this paperwe extend the applicationof MPC to systems
thatcanbemodeledasMarkov decisionprocesses,a subclassof discrete-eventmodels.
We considerhow MPC canbeusedfor this kind of systemsandproposeanexperience-
basedextensionfor improving on-linecomputationalcostsof the MPC algorithm. This
extensionusesreinforcementlearningto updatetheactionselectionpolicy on-line. The
approachallowsfor systemmodelsto changegraduallyovertime,resultsin fewercompu-
tationsthanconventionalMPC, andimprovesdecisionquality by makingdecisionsover
anlongerhorizon.

Outline This paperis organizedasfollows. We startwith an introductionto MPC in
Section2. We thendiscussmodelingsystemsasMarkov decisionprocessesin Section3.
We proposehow MPC canbeappliedto thesekind of modelsin Section4. To improve
computationalanddecisionmakingperformancewe proposean extensionto the MPC
methodfor Markov decisionprocessesthatis basedon reinforcementlearningin Section
5.
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2 Model PredictiveControl

MPC (Camacho& Bordons(1995); Garć�a et al. (1989); Maciejowski (2002)) usesa
modelof the systemanda modelof the desiredbehavior to determinewhat actionsto
take. Thesystemmodelis usedto make predictionsof thebehavior of thesystemunder
variousactions.Theagenttries to �nd a sequenceof actionsthatbothbring thesystem
in adesiredstate,andminimizenegativeeffectsof theactions.It considersasequenceof
actionsthatavoidsthatany constraintsonsystemstatesor actionsareviolated.By looking
further ahead,the agentcan anticipatepossibleconstraintviolations. In order to �nd
the appropriatesequenceof actions,MPC techniqueshave accessto a modelof desired
behavior, in theform of a performancefunction. Theperformancefunctionevaluatesthe
preferabilityof beingin a certainstateand/orperforminga certainaction. Using these
ingredients,theagent's taskis to:

Determineasequenceof actionsbasedonpredictionsusingthesystemmodel,
thatmaximizetheperformanceof thesystemin termsof thedesiredbehavior
model,while preventingviolationof systemandactionconstraints.

Thus,let us denoteby rk the performanceor reward that the agentobtainsat stepk, by
a0; : : : ;a¥ theactionsthat theagenthasto determine,andby E theexpectancy operator
taking the stochasticnatureof the systeminto account.Then,we may write the taskof
theagentassolvingtheoptimizationproblem:

max
a0;:::;a¥

E
n ¥

å
k= 0

rk

o
; (1)

subjectto thesystemmodel,theperformancemodel,andconstraints.
Basingactionson thepredictionsmadeby thesystemmodelintroducestheissuesof

robustnessandcomputationalcosts.MPC usestwo principlesto dealwith theseissues:
therolling horizon,andthe�nite horizon.

Rolling Horizon The problemof robustnessis due to the fact that modelsare inher-
ently inaccurate.A modelis alwaysanapproximationof thesystemunderconsideration.
Predictionsaboutthe behavior of the systembecomemore and more inaccuratewhen
consideredfurtherin thefuture.MPCtechniquesusearolling horizonto increaserobust-
ness.Therolling horizonprincipleconsistsof synchronizingthestateof themodelwith
thestateof thetruesystemat every decisionstep.At every decisionsteptheMPC agent
observesthestateof thetruesystem,updatesits modelof thesystemandtriesto �nd the
bestsequenceof actionsgiventheupdatedmodel. Typically theagentonly executesthe
�rst actionof this sequence.It thenobserves the system's stateagain and �nds a new
sequenceof actions.Thus,therolling horizonprinciple implements(1) asa sequenceof
optimizationproblemsfor eachdecisionstepk0:

max
ak0;:::;a¥

E
n ¥

å
k= k0

rk

o
: (2)

Finite Horizon The increaseof robustnesscomesat the price of increasedcomputa-
tional costs. Dueto therolling horizon,theMPC agenthasto �nd a sequenceof actions
at eachdecisionstep.This canbeanintractableprocedurewhenthehorizonover which
the agenthasto �nd actionsis in�nite. Ideally the agentdoesconsideran in�nite hori-
zon, sincethen the agentknows for surethat no constraintsareviolated. However, in
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Figure1: Exampleof Model PredictiveControl.

practiceconsideringan in�nite horizonproblemat eachstepis intractablefor many ap-
plications. Therefore,conventionalMPC techniquesmake the horizon�nite by usinga
control horizon, a predictionhorizon, anda performance-to-gopart. Thecontrolhorizon
is thehorizonover which the agent�nds actions.The predictionhorizonis the horizon
over which theagentpredictstheautonomousbehavior of thesystem.Theperformance-
to-gospeci�estheperformancethat theagentwill obtainfrom thestateat theendof the
predictionhorizon.Typically bothhorizonsaremuchshorterthanin�nity , while thepre-
dictionhorizonis largerthanthecontrolhorizon.This is thecasesincein particularwhen
consideringsystemsthathave autonomousbehavior, actionsareusedto steerthesystem
in a certaindirectionafter which it canautonomouslyevolve further. By consideringa
predictionhorizonthatis largerthanthecontrolhorizon,theagentcananalyzewherethe
systemendsupaftertheagenthasexecutedits actionsover thecontrolhorizon.The�nite
horizonprinciplerewrites(2) as:

max
ak0;:::;ak0+ Nc

"

E
n k0+ Nc

å
k= k0

rk

o
+ E

n k0+ Np

å
k= k0+ Nc+ 1

rk

o
+ V

�
xk0+ Np+ 1

�
#

; (3)

whereV is theperformance-to-gofunctionthatindicateswhattheexpectedsumof future
performancewill be when in a certainstate. In generalthis function is not known in
advance. It may be assumedzero,approximatedwith a Lyapunov function (Jadbabaie
etal. (1999)),or belearnedfrom experience.Wegetbackto this in Section5.

Algorithm MPC is not onealgorithm,but a classof algorithmsthat arebasedon the
earlierdescribedprinciples. The detailsof the implementationsdiffer from eachother
dependingon thestructureof thesystemandperformancemodels. In general,anagent
employing MPC to determineits actionsperformsthe following stepsat eachdecision
stepk:

1. It rolls the horizonforward to the currentdecisionstep. That is, it measuresthe
stateof thetruesystemandsynchronizesits systemmodelwith this measurement.
It formulatestheoptimizationproblemof �nding theactionsthatgive thebestper-
formanceover the control horizonconsideringthe evolution of the systemmodel
over the predictionhorizon,subjectto constraintson systemstateandactions. In
Figure1, thedesiredbehavior is indicatedby thesetpointsr, thecontrolhorizonby
Nc, andthepredictionhorizonby Np. Theoptimizationproblemconsistsof �nding
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theactionsfrom stepk to k+ Nc, suchthatat theendof thepredictionhorizonthe
systembehavior y is closeto thedesiredbehavior r.

2. It solves the formulatedoptimizationproblem,often usinggeneralsolution tech-
niques(e.g.,quadraticprogramming,sequentialquadraticprogramming,...), while
taking into accountconstraintson actionsandstates. In Figure1, the computed
control inputsu arethe actionsfound over the control horizon. After the control
horizontheactionsareassumedto beconstant.Underthis sequenceof actions,the
predictedoutputsy approachthedesiredsetpointsr.

3. It implementsthe actionsfound in the optimizationprocedureuntil the beginning
of thenext decisionstep.Typically this meansthatonly oneactionis implemented
beforethehorizonis rolled forwardto stepk+ 1.

Discussion MPC hasfoundwide successin many differentapplications,mainly in the
processindustry. Advantageslie in the fact that the framework handlesinput andstate
constraintsexplicitly in a systematicway. This is dueto thecontrolproblemformulation
beingbasedon thesystemmodelwhich includestheconstraints.Also, MPC agentscan
operatewithout interventionfor longperiods.This is dueto therolling horizonprinciple,
which makesthat the agentlooks aheadto prevent the systemfrom going in the wrong
direction.Finally, MPCagentsadapteasilyto new contextsdueto therolling horizonand
requireonly few parametersto tune.

However, theuseof MPC alsohassomedisadvantages.Theoptimizationproblemof
�nding thesequenceof actionscanbeof largesize. In particular, whenthecontrolhori-
zon over which actionsarecomputedbecomeslarger, the numberof variablesof which
theagenthasto �nd theoptimalvalueincreasesquickly. Also, theresourcesneededfor
computationandmemorymaybehigh, increasingmorewhenthepredictionhorizonin-
creases.Theamountof resourcesrequiredalsogrowswith increasingsystemcomplexity.
Finally, the feasibility of thesolutionto theoverall controlproblemof thesystemis not
guaranteed.Solutionsto the problemsconsideredover �nite horizonsdo not guarantee
solutionsto theproblemover thein�nite horizon.

Researchin the pasthasaddressedtheseissues,resulting in conditionsfor feasibility
andstability, usinge.g.contractingconstraintsandclassicalstabilizingcontrollersat the
endof thehorizon.Most of theresearchhasfocusedon computationscarriedout by one
agent.In Negenbornet al. (2004)we survey how a distributed,multi-agentMPC setting
canreducethecomputationsof a singleMPC agent.In this paperwe proposetheuseof
experienceto decreasethecomputationalcostsandimprove decisionmaking. However,
�rst we proposetheuseof MPC to theclassof systemsthatcanbemodeledasMarkov
decisionprocesses.
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3 Mark ov DecisionProcesses

As mentionedbefore,the MPC controlleror agenthasaccessto a modelthat describes
thebehavior of thesystemunderactionsanda modelthatdescribestheperformanceof
the systemandactions.Typically thesemodelsaresystemsof differenceor differential
equations,hybrid models,or discrete-event models. Discrete-event modelsaremodels
in which transitionsfrom onestateto anotheroccurwith theexecutionor appearanceof
a speci�c action. Herewe look at onetype of discrete-event models:Markov decision
processes(Puterman(1994)).

Assumptions Markov decisionprocessessatisfytheMarkov property, whichstatesthat
thestateevolutionof thesystemonly dependson thelaststateandthelastactionchosen.
In otherwords,the transitionsof thesystemareconditionallyindependentfrom actions
andstatesencounteredbeforethelastdecisionstep.To determinethenext action,anagent
usesits policy, whichmapsstatesto actions.No autonomoussystembehavior is assumed.
Thus,thesystemonly reactsin responseto theactionthattheagentperformed.After the
action is performedthe systemstaysin the new stateuntil the next actionoccurs. The
executionof eachactionindicatesan event that transitionsthe systemfrom onestateto
another.

We assumethat the systemevolvesat discreteevent stepsk = 0;1;2;3; : : : At each
stepthe systemis in oneout of a �nite setof possiblestatesX (X = f x1;x2; : : : ;xNg).
In eachstatex 2 X thereis a �nite setof actionsAx that the agentcanperform(Ax =
f a1;a2; : : : ;aMg).

Typically Markov decisionprocessesmodelstochasticsystems.We assumethat the
systemevolvesaccordingto a systemmodelS : P(x0jx;a), whereP(x0jx;a) denotesthe
probabilityof thesystemtransitioningfrom statex to statex0aftertheagenthasperformed
actiona. Theperformancemodelis givenby a functionr, wherer(x;a;x0) indicatesthe
performanceobtainedby transitioningfrom statex to statex0underactiona.

PSfragreplacements

x1

x2
x3

x4

x5 x6

x7

x8

x9

P(x1jx3;a4)

P(x6jx1;a2)

P(x3jx2;a3)

P(x4jx2;a5)

P(x4jx5;a2)

P(x6jx5;a2)

P(x9jx7;a2)

P(x5jx1;a2)

P(x7jx1;a2)

P(x8jx7;a2)
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P(x6jx5;a6)
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r(x7;a4;x9)

Figure2: Exampleof a Mark ov decisionprocess.
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Graphical Representation Markov decisionprocessesareintuitively representedasdi-
rectedgraphs.Figure2 shows an exampleof the graphicalrepresentationof a Markov
decisionprocess.Therepresentationconsistsof nodesandarcs.Thenodesrepresentthe
possiblestates;thearcsrepresenttransitionsbetweenstates.Eacharccorrespondsto an
actionandis labeledwith theprobabilitythatunderthegivenactionperformedin thestate
representedby thenodeat thebeginningof thearc,thesystemtransitionsto thenoderep-
resentedby thenodeat theendof thearc.Thearcsarealsolabeledwith theperformance,
indicatingtheperformanceobtainedwhenthetransitionis made.

Constraints Constraintson systemstatesandactionscanbe incorporatedin Markov
decisionprocessesby restrictingthe setof possiblestatesandby restrictingthe actions
that are possiblefrom individual states. Constraintscanalso be imposedby adjusting
theperformancefunctionwith highly negative performancefor certainstate-action-state
transitions.In thatcasetheagentwill try to avoid thosetransitionsasmuchaspossible,
sinceit is not interestedin highly negativeperformance.

Example Systems SystemsthatcanbemodeledasMarkov decisionprocessescanbe
foundin many �elds. Markov decisionprocesseshave beenusedin ecology, economics,
communicationsengineering,andalsoin theareasof traf�c control, logistics,andtrans-
portation. The �elds whereMarkov decisionprocessesareapplicablearecharacterized
by uncertainstatetransitionsanda necessityfor sequentialdecisionmaking.Let uslook
atexamplesfrom logisticsandtraf�c control.

In logistics,Markov decisionprocesseshavebeenused,e.g.,in the�eld of logisticsfor
airline mealplanning(Gotoet al. (2004)).At severaldecisionstepsup to 3 hoursbefore
anairplanedeparts,themealplannerobserveshow many peoplewill be�ying andwhat
they will be eatingin the plane. Dependingon that he adjuststhe quantityof allocated
meal. In thelastcoupleof hoursbeforedeparture,theadjustmentsof mealquantitiesare
muchhigherandlimited by thecapacityof thevanthathasto deliver themealsdirectly to
theplane.In this examplethestatesof theMarkov decisionprocessconsistof numberof
mealsalreadyallocatedandthenumberof bookedandstand-bypassengers.Theactions
in eachstateconsistof choicesabouthow many extra mealsto prepareor deliver. The
directperformancefor performinganactionin a certainstatedependson themealcosts,
thereturnmealpenalty, thevandeliverycharge,andthebeinglatepenalty. Thetransition
probabilitiesof thesystemmodelgive thelikelihoodof changesin thenumberof people
scheduledto �y with theplane.

In traf�c control Markov decisionprocessescanbe found, e.g., in the traf�c signal
control at a crossroad(Wiering (2000)). The stateof the systemcanbe the numberof
carsstandingin front of the traf�c signals. Actions that the agentcanperform(in each
state)consistof choosingtraf�c signalcon�gurations.In local controlcontext, thedirect
performancethattheagentobtainsmaydepend,e.g.,ontheaveragewaitingtimefor each
car. Thelowerthiswaitingtimeis, thebettertheperformance.Thetransitionprobabilities
of the systemmodel dependon the numberof cars that during a greensignal period
manageto leave thecrossroad.

Furtherexamplesof theuseof Markov decisionprocessesdealwith queuingnetworks,
highway pavementrepair, inventory control, knapsackproblems,network control, and
roboticmotion.
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4 MPC for Mark ov DecisionProcesses

In this sectionwe proposethe useof MPC for controlling modelsthat canbe modeled
asMarkov decisionprocesses.Thus,we assumethat we aregiven a systemmodeland
a performancemodelasdescribedin the previous section. We cannow implementthe
principlesof MPC to comeup with an MPC strategy for controlling systemsdescribed
with suchmodels.Recallthat for �nding a sequenceof actionstheMPC approachrelies
oncontrolandpredictionhorizonsthatarerolling. Let uslook at theseelements.

4.1 BasicApproach

Rolling Horizon Similar to alternative approaches,therolling horizonprincipleis eas-
ily includedin theMPCfor Markov decisionprocessesby observingateachdecisionstep
thestateof thetruesystemandsynchronizingtheestimatethat theagenthasof thestate
of thesystemwith this.

Finite Horizon Typically it is assumedthatat thestepsbetweentheendof thecontrol
horizonandthe predictionhorizonthe actionstaysthe same.However, in our casethe
setof possibleactionsmight changeperstateandthis is thusnot a reasonableapproach.
Also, sincewedonotconsidersystemsthathaveautonomousbehavior anactionhasto be
chosenin eachstateof thesystem,otherwisethereis no systemevolution. Thereforewe
concludethatthecontrolhorizonshouldequalthepredictionhorizonin MPCfor Markov
decisionprocesses.

Algorithm Wenow needto de�ne thewayin whichtheagentcan�nd anoptimalaction
sequences.The agentsomehow hasto usethe systemandperformancemodelto �nd a
sequenceof Nc actionsthatgivesthebestperformanceover thecontrolhorizon.Fromthe
graphicalviewpoint of Markov decisionprocessesthis comesdown to �nding the path
of Nc stepsthat hasthe highestexpectedaccumulatedperformance.A straightforward
approachthat achievesthis simply considersall possiblepathsconsistingof Nc actions.
It sumsall the accumulatedperformanceandgivesasresult the sequencewith highest
accumulatedperformance.The performance-to-goV is for now assumedto be zero,as
commonlydonein MPC. Theseconsiderationsleadus to the following straightforward
algorithmfor MPCfor Markov decisionprocesses:

1. Roll the horizonto the currentdecisionstepby observingthe stateof the system
andde�ne theoptimizationproblemof �nding theactionsover thecontrolhorizon
thatmaximizetheperformancestartingfrom theobservedstate.

2. Find all pathsof lengthNc andaccumulatethe expectedperformance.Determine
thesequenceof actionsthatleadsto thepathwith thehighestaccumulatedexpected
performance.

3. Implementthe�rst actionof thissequenceandmoveon to thenext decisionstep.

Discussion TheproposedMPCalgorithmmightsuffer fromthedisadvantagesdiscussed
earlierfor generalMPC techniques.Theamountof computationalresourcesrequiredto
considerall pathsoveralengthof thecontrolhorizondependsonNc andthenumberof ac-
tionspossiblefrom eachencounteredstate.In particularwhenthereis averylargenumber
of actionsfrom eachstate,it maybeimpossibleto considerall paths.Also whetheror not
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thesystemmodelor theperformancemodelaredeterministicor stochastichasin�uence
on the speedat which the pathscanbe evaluated. Furthermore,becauseof the limited
horizonoverwhichactionsareconsidered,theresultingpolicy maybesuboptimal.

As asolutionthecontrolhorizonmightbechosensmall,but thiscomesat theexpense
of largersub-optimality. Alternatively we canmake useof theperformance-to-gofunc-
tion, which we will from now on refer to asvaluefunction, that for eachstategivesthe
accumulatedfutureexpectedperformance.Using the informationfrom this function the
computationsrequiredateachdecisionstepmaydecreasesigni�cantly.

4.2 Value-FunctionApproach

Value Functions Value functionsgive the expectedaccumulatedfuture performance
for eachstatex. Obviously the future performancedependson the actionstaken in the
future, andsincethe actionstaken in the future arechosenby a policy, valuefunctions
dependon policies. Theoptimalvaluefunctiongivesfor eachstatethehighestpossible
futureperformancefrom thatstate.This highestpossiblefutureperformanceis obtained
by following theactionsthatanoptimalpolicy prescribes.Theoptimalvaluefunctionis
obtainedby solving:

V � �
xk0

�
= maxE

n ¥

å
k= k0

rk

o
; (4)

whererk is the performancereceived for the transitionat decisionstepk. The optimal
valuefunctionV � hasthemostaccurateestimatesof thefutureperformanceto beexpected
whenin acertainstate.

Assumethat the optimal valuefunction is known. From the graphicalviewpoint of
Markov decisionprocesses,this meansthat we canlabel eachnodewith the future ex-
pectedperformance.In that case,whenthe systemis in statex, all the agenthasto do
is considerthe actionsa 2 Ax possiblein statex and�nd the actionthat gives the best
combinationof directly obtainableperformanceplusexpectedaccumulatedperformance
from thestatewherethesystemwill endup in afterexecutionof actiona. Thisquantityis
calledtheQ valuefor the(x;a) pair. Theagentusestheperformancemodelto determine
thedirectperformancegain for choosinganactionandthesystemmodelto determinethe
successorstate.Theagenthasto �nd theactionthatgivesthehighestQ value,i.e.,

ak = arg max
a2Axk

"

å
x0

P(x0jxk;a)
�
r(xk;a;x0) + V � (x0)

�
#

: (5)

Thus, when the optimal value function is known, insteadof consideringNc steps,the
procedurethat the agenthasto performat eachdecisionstepreducesto a single one-
stepoptimizationprocedure,i.e. the control horizonbecomesNc = 1. Moreover, since
we assumedan optimal valuefunction, the chosenactionsareoptimal over the in�nite
horizon.

Theproblemis thatin generalneitheroptimalpoliciesnoroptimalvaluefunctionsfor
thecontrolof dynamicsystemsareknown in advance.Thus,thequestionis how thevalue
functioncanbecomputed.Sincewe areconsideringthe in�nite-horizon case,theagent
cannotsimplycomputethevaluefunction,sinceit cannotexplicitly sumtheperformance
over an in�nite horizon. So insteadit hasto approximatethe value function in some
way. Oneway of approximatingthe valuefunction is by useof a discountfactor. This
discountfactormakesthat the in�nite sumof performancesconverges. We canemploy
dynamic-programmingmethodsto �nd thevaluefunctionin thiscase.
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Dynamic Programming Dynamic-programming(Bellman (1957)) methodsapproxi-
matethevaluefunctionwhendiscountfactorsareused.Givenapolicy, dynamic-programming
methodscomputethevaluefunctionas:

V(xk0) = E
n ¥

å
k= k0

gk� k0rk

o
; (6)

whereg 2 (0;1) is the discountfactor. The closerg is chosento 1, the morelong-term
performanceexpectationsaretaken into account.Thediscountfactormakesthatperfor-
mancereceivedearlieris moreimportantthanperformanceobtainedfurtherin thefuture.
Wecanrewrite thevaluefunctionas:

V(xk0) = E
n ¥

å
k= k0

gk� k0rk

o

= Ef rk0 + grk0+ 1 + g2rk0+ 2 + : : :g

= Ef rk0 + gV(xk0+ 1)g

= å
a2Axk0

PP (xk0;a)

"

r(xk0;a;x0) + gå
x0

P(x0jxk0;a)V(x0)

#

; (7)

wherePP (x;a) is the probability that the policy assignsto choosingactiona in statex.
Equation(7) is calledtheBellmanequationform of thevaluefunction.Bellmanequations
relatevaluefunctionsrecursively to themselves.

Methodsthat �nd theoptimalvaluefunctiontreatthevaluesof theoptimalvaluesof
thestatesasunknowns. In thatcasea systemof Bellmanequationsfor all statesformsa
systemof equationswhoseuniquesolutionis theoptimalvaluefunction(Sutton& Barto
(1998)).

Algorithm With thevaluefunctionwe cande�ne anMPC algorithmfor Markov deci-
sionprocessesasfollows:

1. Apply therolling horizonprincipleby updatingthestateestimatewith a measure-
mentof thestate.

2. Computethevaluefunctiongiventhelatestsystemmodel.

3. Formulatetheoptimizationproblemoveracontrolhorizonof Nc = 1 of �nding the
actionthatbringsthestateof thesysteminto thestatewith highestvalue.Solve the
optimizationproblem.

4. Implementthefoundactionandmoveon to thenext decisionstep.

Discussion Computingtheoptimalvaluefunctionateachdecisionstepis toocomputa-
tionally expensive. Computingtheoptimalvaluefunctionof�ine beforetheagentstarts
controllingthesystem(e.g.,asin Bemporadet al. (2002))reduceson-linecomputations,
but hasas disadvantagethat the systemcannotvary over time. The systemshouldbe
time invariant.As mentionedbefore,modelsareinherentlyinaccurate.In MPC,typically
deterministicmodelsareassumed.In thatcase,modeledtransitionprobabilitiesandtrue
transitionprobabilitieswill not completelymatch.Also, theseprobabilitiesmightchange
over time;sometransitionsmightnotevenhavebeenmodeledatall. Althoughtherolling
horizonprovidessomerobustness,structuralchangesin parametersof thesystemmodel,
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e.g., transitionprobabilities,or changesin the performancemodel are not anticipated.
Instead,we mayupdatethevaluefunctionon-lineusingexperiencefrom the interaction
betweenthe agentandthe true system. In the following sectionwe proposethe useof
reinforcementlearningto updatethevaluefunctionon-line.
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5 MPC with ReinforcementLearning

5.1 ReinforcementLearning

Sincethereis uncertaintyin thesystemandperformancemodel,we do not wantto com-
putethevaluefunctiononceat thebeginning. On theotherhand,we alsodo not wantto
computeit at every decisionstepbecausethis takestoo many computations.We propose
to combinetheMPC for Markov decisionprocessesintroducedearlierwith learningthe
value function on-line usingreinforcementlearning(Sutton& Barto (1998);Kaelbling
et al. (1996);Wiering (1999)). In reinforcementlearningwe have a stochasticsystemof
whichwedonotknow thetransitionprobabilitiesandtheperformanceof takingactionsin
individual states.Sinceanagentwantsto �nd apolicy thatgivesthemaximalcumulative
expectedfutureperformance,it hasto interactwith thesystem,which implicitly contains
thesystemmodelof which theagentrequiresinformationto determinetheoptimalvalue
function.

In reinforcementlearningexperienceis built up over time, insteadof assumedavail-
ablein a priori knowledge.Theexperienceis basedon theperformanceindicationsthat
give informationabouthow well acertainactionwasin acertainstateof thesystem.The
experienceis also basedon the statetransitionsof the systemunderactionstaken. In
reinforcementlearningthevaluefunctionis approximatedby keepingtrackof theperfor-
manceobtainedat eachdecisionstepconsideringthesystemstate,performedaction,and
resultingsystemstate.At eachdecisionstepthevaluefunctionof the lastdecisionstep
is updatedwith theexperiencebuilt up over that lastdecisionstep.This experience,that
is, the obtainedperformanceindicationandstateobservation, aresamplesof the value
functionthat theagentwantsto acquire.Eachperformanceobtainedby executinga cer-
tainactionin acertainstateleadingto anotherstategivessomeinformationaboutthetrue
valuefunction.By obtainingsuf�ciently many of thesesamplestheagentmayaccurately
estimatethetruevaluefunction.

Temporal-DifferenceLearning Oneof themethodsthatcomputesthevaluefunction
without knowledgeabout the systemor reward model using samplesof interactionis
Temporal-Difference(TD) learning(Sutton(1988)).TD learningusescurrentvalueesti-
matesof successive statesto updatethevalueof thecurrentstate.Implicitly theassump-
tion of time continuityis made:statesvisitedin thesameinterval predictaboutthesame
outcome.

TD methodstry to minimize the differencebetweenvalue estimatesof successive
decisionsteps,explicitly using value estimatesof successive states. For this, the TD
methodTD(0) usesonly thecurrentperformanceindicationandtheestimateof thevalue
of thenext state.TD(0) updatesthevalueof astateas:

V(xk) = V(xk) + axk(rk + gV(xk+ 1) � V(xk)); (8)

whereaxk is a learningrate,andthe term ek = rk + gV(xk+ 1) � V(xk) is de�ned asthe
TD(0)-error, which givestheerror in thecurrentvalueestimateof statexk. The learning
rateis usedto beableto make theestimatedvaluefunctionconvergeby letting it decay
over timewhenmoreexperiencehasbeenbuilt up.

The variancein the TD-errorsgivesan indicationof the uncertaintyin the valuees-
timates.We mayusethis to determinewhenexperienceis suf�ciently trustworthy. The
variances of thevalueestimateassignedwith statexk is computedas:

s (xk) = (rk + gV(xk+ 1) � V(xk))
2: (9)
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TD(l ) with Eligibility Traces TD(l ) learninggeneralizesTD(0) learningin thatthel
parameterallows performanceandvalueestimatesfurtheraway in thefutureto betaken
into accountaswell. The l factor is a real numberin the interval [0;1], which weighs
performanceandvalueestimatesfurtherin thefutureexponentiallyless.With probability
1 value estimatesconverge to the true valuesfor all l , when eachstateis visited by
in�nitely many timesandthe learningratediminishesto zero. To computethe TD(l )-
errorswe needto know theTD(0)-errorsof all futuresteps.For an in�nite horizonit is
impossibleto know these.Instead,we incrementallyupdatethe valueestimatesasnew
TD(0)-errorsbecomeavailableusingeligibility traces(Barto et al. (1983)). Eligibility
tracesindicatehow mucha stateis eligible to learnfrom a new TD(0)-error. How much
this is dependson l , the recency of thestateappearance,andthe frequency of thestate
appearance.It canbeshown that theupdateof thevalueof a stateusinga performance
indicationreceivedanumberof stepsin thefutureis

DV(x) = a (x)eklk(x); (10)

wherelk(x) representsthe accumulatingeligibility tracefor x, which canrecursively be
implementedas:

lk+ 1(x)  l glk(x) if xk 6= x (11)

lk+ 1(x)  l glk(x) + 1 if xk = x: (12)

Insteadof using accumulatingeligibility traces,we may also usereplacingtraces, in
whichcasetheeligibility for astateis simply resetto 1 whenit is encountered,insteadof
incrementedby 1.

5.2 MPC with TD(l ) Algorithm

We now combinetheMPC for Markov decisionprocesseswith learningthevaluefunc-
tion. In the beginning the agenthasno experienceto rely on, so it shouldnot rely on
its valuefunction. Insteadtheagentshouldfully rely on its MPC decisions.Lateron it
gainsmoreexperienceandthe decisionsthat it canmake basedon the valuefunction it
learnedwill becomemoretrustworthy. In theextremecase,theagenthasgainedsomuch
experiencewith thesystemthatit shouldfully rely on theexperience.

Competitive Approach As a �rst approachto combineMPC with learningwe could
considera competitive situationbetweenthe MPC and the learningpart of the agent.
Thesetwo partscouldcompeteoverwhichof themgetsto makethedecisionaboutwhich
actiontheagenttakes.In thebeginning,thelearningpartwill haveadif�cult timecompet-
ing with theMPC part,sinceit hasnoexperienceatall with controllingthesystem.Over
time thoughthe learningpartdoesgetmoreexperiencedandat somepoint the learning
partmightproposeactionsto takethatarebetterthanthosesuggestedby theMPCpart.At
thatpoint theagentcaneitherswitchto completelyusingtheexperience-baseddecisions
andnot usingtheMPC partanymore,or it canat eachdecisionstepdecideon which of
the two to rely on. It maydecideon which of the two it shouldrely by keepingtrackof
thequalityof earlieractionsproposedby thetwo.

CollaborativeApproach Alternatively, insteadof seeingthedecisionmakingasacom-
petitionbetweenthetwo partswecanseeit asacollaborationbetweentheparts.TheMPC
partprovidesbasicrobustnessanddecisionmakingover the relatively shortterm,while
thelearningpartprovidesexperienceanddecisionmakingover thelong term.
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Theagentmaygraduallyincorporatetheexperiencebuilt up in thevaluefunction in
its decisionmaking. In the beginning it shouldstill not rely too much on the learned
valuefunctionsinceit hasnot gatheredmuchexperiencewith thesystemyet. Theuncer-
tainty in thevalueestimates,that is, in theestimatesof theexpectedaccumulatedfuture
performanceis high. Over time theagentsbuilds up moreexperience,resultingin value
estimateswith higheraccuracy. In thatcasetheagentshoulduseits experiencein its deci-
sionmaking.In thealgorithmwe proposenext theagentusesaccuratevalueestimatesto
decreasethecontrolhorizonover which MPC computespaths,thusspeedingup decision
making,while increasingdecisionquality.

In our �rst algorithmfor Markov decisionprocesses(on page7) theagentcomputed
theaccumulatedperformancefor eachpathoverthecontrolhorizonof lengthNc. Wethen
ignoredthevalue(or, performance-to-go)of theresulting�nal pathstate.Now however
we can incorporatethe value function that is being learnedin this process.When the
agentis consideringacertainpathof lengthNc it canateachstepin thatpathconsiderthe
valueof thestateassociatedwith thestepin thatpath. If theuncertaintyin thevalueof
thatstateis low, thentheagentcanstopconsideringtherestof thepathandinsteadtake
thegivenvalueasestimateof theobtainablefutureaccumulatedperformance.Wecando
this sincethe valueof that stateindicatesthe expectedaccumulatedfuture performance
startingfrom thatstate.

Theoutlineof thealgorithmweproposeis asfollows:

1. Theagentrolls thehorizonof thelaststepforwardto thecurrentstepk, measuring
thecurrentstateof thesystem.

2. TheMPC partof theagentconsiderseachpathof lengthNc startingfrom themea-
suredstate. It �nds the pathof state-action-reward-states(x;a; r;x0) that givesthe
maximalaccumulatedperformanceover thecontrolhorizon.While consideringthe
paths,theagentmayencountera statethathasa valueestimateassociatedwith it
with uncertaintybelow somethreshold.This estimateindicatestheexpectedaccu-
mulatedfutureperformancefrom thatstateonwards,andthustheMPCpartcanuse
that valueasindicationfor theexpectedaccumulatedfutureperformance.It need
notconsiderany furtherstepson thatpath.

3. Thelearningpartof theagentincorporatesthe(x;a; r;x0) samplesgeneratedby the
MPC part of the agent. The samplesgeneratedby the MPC part arepredictions
aboutthebehavior of thesystemandpredictionsaboutwhat is optimal to do con-
sideringthecontrolhorizon. The learningpartusesthesesamplesasidealizedex-
perience.It incorporatesall generatedperformanceindicationsin its valuefunction,
therebydecreasingtheuncertaintyin thevalues.Thelearningpartwill incorporate
thepredictedsamplesfrom thestartingstateto thestateof which thevalueis used
of the paththat hasmaximal total performance.Note that sincethe agentusesa
valueestimateonly whentheuncertaintyin it is below somethreshold,it doesnot
matterhow thevaluesareinitialized.

4. Theagentimplementsthe�rst actionin thesequencedeterminedandmoveson to
thenext decisionstep.

5.3 Discussion

Thedescribedalgorithmhassomeattractive features.First of all, oncethevaluefunction
is computedwith highenoughaccuracy, thecomputationallyintensiveMPCoptimizations
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over thefull controlhorizonusingthesystemandperformancemodelcanbereducedto
anoptimizationover onestepusingthesystemmodelandvaluefunction. Besidesthat,
in thesecondphaseof operation,thedecisionstheagentmakesarebasedon an in�nite
horizon,sincethe valuesof the statesrepresentthe expectedaccumulatedperformance
over thefull future.Thismakestheactionschosencloserto optimal.

Also, theapproachallowsfor thesystemanddesiredperformanceto changeovertime.
In particularwhenweconsidersystemsthathavea long lifetime this is anadvantage.The
performancemodelcanbeupdatedateachdecisionstepwith someidenti�cation method.
TheMPCagentwill thengeneratesamplesusingthesenew rewards,andthelearningpart
will incorporatethesesamplesandslowly adjustto the new performance.The system
modelmay alsochangeover time andbe updatedat eachdecisionstep. The transition
probabilitiescanchangeover time,e.g.,dueto aging.By monitoringtheactualtransition
from astateto anotherunderacertainaction,asystemmodelcanbelearned.Thismodel
will adaptto changingsystembehavior. The MPC part can usethis model learnedto
computeits paths.Theproblemis thatthevaluefunctionis implicitly basedonthesystem
model. However sinceTD methodsdo not needa systemmodelthey will adjustto the
new situation.

Finally, theproposedapproachstill acknowledgestheconstraintsin theoriginalmodel.
Moreover, if constraintsareviolated,thereinforcementlearningpartmightobtainahighly
negative feedback.Thiswill learntheagentthatin thefutureit shouldavoid thesamesit-
uation.
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6 Conclusion

In thispaperwehaveconsideredmodelpredictivecontrolfor Markov decisionprocesses.
We have proposeda straightforward algorithmfor thesekind of models. However, this
algorithmmight suffer from too high computationalrequirementsandsuboptimality. As
a�rst solutionto thiswehaveconsideredtheuseof valuefunctions.Oncevaluefunctions
areknown well, thecomputationalrequirementsreduceto anMPCproblemwith acontrol
horizonof only lengthone.At thesametime, thedecisionsarebasedon in�nite-horizon
information.Theproblemis that in generalthevaluefunctionis not known well enough
a priori . In this paperwe have consideredthe useof experienceto incrementallylearn
the value function over time. Using the reinforcementlearningmethodcalled TD(l )
learningtheagentcanincorporateexperiencebuilt up throughinteractionwith thesystem
it hasto control. In this way it will over time get a suf�ciently good estimateof the
valuesof states.Onceit hasbuilt up enoughexperiencethe agentcanfully rely on it,
thusreducingthe computationsrequiredto do the MPC for Markov decisionprocesses
without learning.Additional advantagesof theproposedapproachlie in thefact that the
agentwill adaptto changingsystemcharacteristicsor performancecharacteristics.The
parametersof theperformancefunctionor systemundercontrolmayslowly changeover
time. Sincetheagentcancontinuouslyincorporatenewly gainedexperience,it will adapt
to thesechanges.

We closewith someremarksand future researchdirections. In this paperwe have
consideredTD(l ) learningfor �nite Markov decisionprocesses.To dealwith high di-
mensionalcontinuousaction and statespaceswe can usea subclassof reinforcement
learningmethodscalledactor-critic methods(Sutton& Barto (1998)). We alsoremark
thatin thispaperwehavesilentlyassumedthatwecanstorethevaluefunctionin a table.
In this way we have anexplicit representationof thevaluefunction. Sometimeswe may
not beableto make anexplicit representationandmayhave to usefunctionapproxima-
tors to make an implicit representationof the valuefunction. Note that MPC may still
becombinedfruitfully with reinforcementlearningusingfunctionapproximators(Sutton
& Barto (1998)). Futureresearchdirectionsconsistof consideringalternative ways to
decidewhentheagenthasgainedenoughexperienceto switchfrom relying on theMPC
decisionsto the decisionslearned. Furthermore,experimentsneedto be implemented
to further investigateandshow the potentialof the proposedexperience-basedMPC for
Markov decisionprocesses.
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