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Abstract

Model predictve control(MPC) is becominganincreasinglypopularmethodto selectac-
tionsfor controllingdynamicsystems.Traditionally MPC usesa modelof the systemto
be controlledanda performancdunctionto characterizehe desiredoehaior of the sys-
tem. TheMPC agentnds actionsovera nite horizonthatleadthe systeminto adesired
direction. A signi cant problemwith corventionalMPC is the amountof computations
requiredandsuboptimalityof choseractions.

In this paperwe proposethe useof MPC to control systemshatcanbe describedas
Markov decisionprocessesWe discusow astraightforvardMPC algorithmfor Markov
decisionprocessesanbeimplementedandhow it canbeimprovedin termsof speedand
decisionquality by consideringvalue functions. We proposethe use of reinforcement
learningtechniquedo let the agentincorporateexperiencefrom the interactionwith the
systemin its decisionmaking. This experiencespeedsip thedecisionrmakingof theagent
signi cantly. Also, it allows theagentto baseits decisionson anin nite insteadof nite
horizon.

The proposedapproachcan be bene cial for ary systemthat can be modeledas
Markov decisionprocessjncluding systemdoundin areadike logistics,trafc control,
andvehicleautomation.

Keywords

Markov decisionprocessmodelpredictive control,reinforcementearning
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1 Intr oduction

Controlling Dynamic Systems In this paperwe consideran agentthat interactswith
a controllabledynamicsystemat somediscrete,low-level time scale. At eachdecision
stepthe agentobseresthe stateof the system,andbasedon this obsenationit chooses
anactionto performon the system.The agentdecideswvhich actionis selectecbasedon
apolicy. Thepolicy indicatesvhatactiontheagentwill make in eachstate.

The goal of the controlagentis to nd a policy thatmapsstatesto actionsin sucha
way thatthe systembehaesin the bestway possible.In orderfor the agentto evaluate
how well the systemis behaing, theretypically is somekind of performancdunction.
This functionindicateshow well it is to make a certainstate-action-statgansition. The
agenthasto nd a policy that choosesactionsin statesin sucha way that the overall
performances maximized.

Model Predictive Control OverthelastdecadedModel Predictve Control (MPC) has
becomenimportanttechnologyfor nding policiesfor complec, dynamicsystemsMPC
is popularmainly dueto its easyway of integratingconstraint®n actionsandstatesn the
controlof asystem.

MPC hasfound wide applicationin the processindustry Recently MPC hasalso
startedto be usedin trafc control. VandenBerg et al. (2004) considerusingMPC for
controllingmixedurbanandfreewvaytraf c, wheretheobjectveisto maketrafc in urban
areasandonfreavayssmoothlyinteractwith eachotherin suchawaythattotaltime spent
in the network is minimized. Bellemanset al. (2002) consideVIPC for control of ramp
meterinstallations.Dunbar& Murray (2002)useMPC in a distributedsettingto control
multiple vehiclesthathave to drive in aspeci ¢ formation.Hegyi (2004)considersising
MPC to control differenttraf c measurest the sametime: rampmeteringandvariable
speedlimits, route guidanceand ramp metering,and ramp meteringand main-stream
metering.

As the namesuggestsMPC is basedon modelsthat describethe behaior of a sys-
tem. Thesemodelscanbe systemsof differenceor differentialequationshybrid models,
or discrete-gent models. In this paperwe extend the applicationof MPC to systems
thatcanbe modeledas Markov decisionprocessesa subclasof discrete-gent models.
We considerhow MPC canbe usedfor this kind of systemsandproposean experience-
basedextensionfor improving on-line computationatostsof the MPC algorithm. This
extensionusesreinforcementearningto updatethe actionselectionpolicy on-line. The
approachallowsfor systenmodelsto changegraduallyovertime, resultsin fewercompu-
tationsthancornventionalMPC, andimprovesdecisionquality by makingdecisionsover
anlongerhorizon.

Outline This paperis organizedasfollows. We startwith anintroductionto MPC in
Section2. We thendiscusamodelingsystemsasMarkov decisionprocesses Section3.
We proposehow MPC canbe appliedto thesekind of modelsin Section4. To improve
computationalnd decisionmaking performancewe proposean extensionto the MPC
methodfor Markov decisionprocessethatis basedon reinforcementearningin Section
5.
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2 Model Predictive Control

MPC (Camacho& Bordons(1995); Garca et al. (1989); Maciejowski (2002)) usesa
model of the systemand a model of the desiredbehaior to determinewhat actionsto
take. The systemmodelis usedto make predictionsof the behaior of the systemunder
variousactions. The agenttriesto nd a sequenc®f actionsthatboth bring the system
in adesiredstate, andminimize negative effectsof theactions.It considersa sequencef
actionghatavoidsthatary constraint®n systenstatesor actionsareviolated. By looking
further ahead,the agentcan anticipatepossibleconstraintviolations. In orderto nd
the appropriatesequencef actions,MPC techniqueshave acces3o a modelof desired
behaior, in theform of a performancdunction. The performancdunctionevaluateshe
preferability of beingin a certainstateand/orperforminga certainaction. Using these
ingredientstheagentstaskis to:

Determineasequencef actionsbaseddn predictionausingthesystenmodel,
thatmaximizethe performancef thesystemn termsof thedesiredbehaior
model,while preventingviolation of systemandactionconstraints.

Thus, let us denoteby r the performanceor reward that the agentobtainsat stepk, by

taking the stochastimatureof the systeminto account. Then,we may write the task of
theagentassolvingthe optimizationproblem:

ny¥ o
max E e ; 1
ap;:::;ay ,2‘0 k @
subjectto the systemmodel,the performancenodel,andconstraints.
Basingactionson the predictionsmadeby the systemmodelintroduceshe issuesof
robustnessand computationatosts. MPC usestwo principlesto dealwith theseissues:

therolling horizon,andthe nite horizon.

Rolling Horizon The problemof robustnesss dueto the fact that modelsareinher
ently inaccurate A modelis alwaysanapproximatiorof the systemunderconsideration.
Predictionsaboutthe behaior of the systembecomemore and more inaccuratewhen
consideredurtherin thefuture. MPC techniquesisearolling horizonto increaseobust-
ness.Therolling horizonprinciple consistof synchronizinghe stateof the modelwith
the stateof the true systemat every decisionstep. At every decisionstepthe MPC agent
obsenresthe stateof thetrue systemupdatests modelof the systemandtriesto nd the
bestsequencef actionsgiventhe updatedmodel. Typically the agentonly executeshe
rst actionof this sequence.lt thenobsenesthe systems stateagain and nds a new
sequenc®f actions.Thus,therolling horizonprincipleimplementy1) asa sequencef
optimizationproblemsfor eachdecisionstepko:

ma>a<¥E a e : (2)

Finite Horizon The increaseof robustnesscomesat the price of increasedccomputa-
tional costs Dueto therolling horizon,the MPC agenthasto nd asequencef actions
at eachdecisionstep. This canbe anintractableprocedurevhenthe horizonover which
the agenthasto nd actionsis in nite. Ideally the agentdoesconsideranin nite hori-
zon, sincethenthe agentknows for surethat no constraintsare violated. However, in
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Figure 1: Example of Model Predictive Control.

practiceconsideringanin nite horizonproblemat eachstepis intractablefor mary ap-
plications. Therefore,conventionalMPC techniquesnake the horizon nite by usinga
contol horizon a predictionhorizon anda performance-to-gpart. The controlhorizon
is the horizonover which the agent nds actions. The predictionhorizonis the horizon
over which theagentpredictsthe autonomoudehaior of the system.The performance-
to-gospeci esthe performancehatthe agentwill obtainfrom the stateat the endof the
predictionhorizon. Typically both horizonsaremuchshorterthanin nity , while the pre-
diction horizonis largerthanthecontrolhorizon. Thisis the casesincein particularwhen
consideringsystemghat have autonomoudehaior, actionsareusedto steerthe system
in a certaindirectionafter which it canautonomouslyevolve further By consideringa
predictionhorizonthatis largerthanthe controlhorizon,theagentcananalyzewherethe
systemendsup aftertheagenthasexecutedts actionsover thecontrolhorizon.The nite
horizonprinciplerewrites(2) as:

Nko+Ne O n k+tNp 0 #
max E § rc +E a Tk tV Xgingr1 (3)

8k 18K+ Ne k= ko k= ko+ Ne+ 1

whereV is the performance-to-gtunctionthatindicatesnvhatthe expectedsumof future
performancewill be whenin a certainstate. In generalthis function is not known in
advance. It may be assumedzero, approximatedvith a Lyapunw function (Jadbabaie
etal. (1999)),or belearnedrom experience We getbackto thisin Section5.

Algorithm  MPC is not one algorithm, but a classof algorithmsthat are basedon the
earlierdescribedprinciples. The detailsof the implementationgiffer from eachother
dependingon the structureof the systemand performancenodels. In generalanagent
emplgying MPC to determineits actionsperformsthe following stepsat eachdecision
stepk:

1. It rolls the horizonforward to the currentdecisionstep. Thatis, it measureshe
stateof the true systemandsynchronizests systemmodelwith this measurement.
It formulatesthe optimizationproblemof nding theactionsthatgive the bestper
formanceover the control horizon consideringthe evolution of the systemmodel
over the predictionhorizon, subjectto constraintson systemstateandactions. In
Figurel, thedesiredbehaior is indicatedby thesetpointsr, thecontrolhorizonby
Nc, andthe predictionhorizonby Np. The optimizationproblemconsistof nding
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theactionsfrom stepk to k+ N, suchthatat the endof the predictionhorizonthe
systembehaior y is closeto thedesirecbehaior r.

2. It solvesthe formulatedoptimizationproblem, often using generalsolutiontech-
nigques(e.g.,quadratigprogrammingsequentiauadratigprogramming,..), while
taking into accountconstraintson actionsand states. In Figure 1, the computed
controlinputsu arethe actionsfound over the control horizon. After the control
horizonthe actionsareassumedo be constantUnderthis sequencef actionsthe
predictedoutputsy approachthedesiredsetpointsr.

3. It implementsthe actionsfoundin the optimizationprocedureuntil the beginning
of the next decisionstep. Typically this meanghatonly oneactionis implemented
beforethe horizonis rolled forwardto stepk + 1.

Discussion MPC hasfoundwide successn mary differentapplicationsmainly in the
processndustry Advantagedie in the fact that the framewvork handlesinput and state
constraintexplicitly in a systematiavay. Thisis dueto the controlproblemformulation
beingbasedon the systemmodelwhich includesthe constraints Also, MPC agentscan
operatewithoutinterventionfor long periods.Thisis dueto therolling horizonprinciple,
which makesthatthe agentlooks aheadto preventthe systemfrom goingin the wrong
direction.Finally, MPC agentsadapteasilyto new contets dueto therolling horizonand
requireonly few parameterso tune.

However, theuseof MPC alsohassomedisadwantagesThe optimizationproblemof
nding the sequencef actionscanbe of large size. In particular whenthe controlhori-
zonover which actionsare computedoecomedarger, the numberof variablesof which
theagenthasto nd the optimalvalueincreasesgjuickly. Also, theresourcesieededor
computatiorandmemorymay be high, increasingnorewhenthe predictionhorizonin-
creasesTheamountof resourcesequiredalsogrows with increasingsystemcompleity.
Finally, the feasibility of the solutionto the overall control problemof the systemis not
guaranteed Solutionsto the problemsconsideredver nite horizonsdo not guarantee
solutionsto the problemover thein nite horizon.

Researchin the pasthasaddressedheseissues,resultingin conditionsfor feasibility
andstability, usinge.g.contractingconstraintsandclassicalstabilizingcontrollersat the
endof thehorizon. Most of the researcthasfocusedon computationsarriedout by one
agent.In Negenbornet al. (2004)we surey how a distributed, multi-agentMPC setting
canreducethe computation®f a singleMPC agent.In this paperwe proposethe useof
experienceto decreasehe computationatostsandimprove decisionmaking. However,

rst we proposethe useof MPC to the classof systemghat canbe modeledas Markov
decisionprocesses.
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3 Mark ov DecisionProcesses

As mentionedbefore,the MPC controlleror agenthasaccesdo a modelthat describes
the behaior of the systemunderactionsanda modelthat describeghe performanceof
the systemandactions. Typically thesemodelsare systemsof differenceor differential
equationshybrid models,or discrete-gent models. Discrete-gent modelsare models
in which transitionsfrom onestateto anotheroccurwith the executionor appearancef
a speci ¢ action. Herewe look at onetype of discrete-gent models: Markov decision
processeg¢Putermar(1994)).

Assumptions Markov decisionprocessesatisfythe Markov property, which stateshat
the stateevolution of the systemonly depend®n the laststateandthelastactionchosen.
In otherwords, the transitionsof the systemare conditionallyindependenfrom actions
andstatesncounteretieforethelastdecisionstep.To determinghenext action,anagent
usedts policy, whichmapsstatedo actions.No autonomousystenbehaior is assumed.
Thus,the systemonly reactsin responséo the actionthatthe agentperformed.After the
actionis performedthe systemstaysin the new stateuntil the next actionoccurs. The
executionof eachactionindicatesan eventthattransitionsthe systemfrom one stateto
another

We assumehat the systemevolves at discreteevent stepsk = 0;1;2;3;::: At each

Typically Markov decisionprocessesnodelstochasticsystems.We assumehatthe
systemevolves accordingto a systemmodel S : P(x4x; a), whereP(x4x;a) denoteshe
probabilityof thesystentransitioningfrom statex to statex®aftertheagenthasperformed
actiona. The performancemodelis given by a functionr, wherer(x;a;x9 indicatesthe
performancebtainecdby transitioningfrom statex to statex’underactiona.

P(xjx3;a%)

r(x3;a%xt)

PO3jx2;a3)

P(x?jxL; al) r(x%;a%;x3)

r(x<t;al;x?) P(x%jx2; a%)
r(x2;a%;x4)

PO a°)
r(x3;a8;x%)

r(xt;a2;x3) P(x5jx5; ab)

r(x3;a8;x8)

Figure 2: Example of a Mark ov decisionprocess.
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Graphical Representation Markov decisionprocesseareintuitively representedsdi-
rectedgraphs. Figure 2 shavs an exampleof the graphicalrepresentatiof a Markov
decisionprocess.Therepresentationonsistof nodesandarcs. The nodesrepresenthe
possiblestatesthe arcsrepresentransitionsbetweenstates.Eacharc corresponds$o an
actionandis labeledwith the probabilitythatunderthegivenactionperformedn thestate
representedy thenodeatthebeginningof thearc,the systentransitiongo thenoderep-
resentedy thenodeatthe endof thearc. Thearcsarealsolabeledwith the performance,
indicatingthe performancebtainedwvhenthetransitionis made.

Constraints Constraintson systemstatesand actionscan be incorporatedn Markov
decisionprocessedy restrictingthe setof possiblestatesand by restrictingthe actions
that are possiblefrom individual states. Constraintscan also be imposedby adjusting
the performancdunctionwith highly negative performancdor certainstate-action-state
transitions.In thatcasethe agentwill try to avoid thosetransitionsasmuchaspossible,
sinceit is notinterestedn highly negative performance.

Example Systems Systemghatcanbe modeledasMarkov decisionprocessesanbe
foundin mary elds. Markov decisionprocesseblave beenusedin ecology economics,
communicationgngineeringandalsoin theareasof trafc control,logistics,andtrans-
portation. The elds whereMarkov decisionprocessesre applicableare characterized
by uncertainstatetransitionsanda necessityfor sequentiatiecisionmaking. Let uslook
atexamplesfrom logisticsandtraf ¢ control.

In logistics,Markov decisionprocessebave beenusede.g.,in the eld of logisticsfor
airline mealplanning(Gotoetal. (2004)). At several decisionstepsup to 3 hoursbefore
anairplanedepartsthe mealplannerobsereshowv mary peoplewill be ying andwhat
they will be eatingin the plane. Dependingon that he adjuststhe quantity of allocated
meal. In thelastcoupleof hoursbeforedeparturethe adjustment®f mealquantitiesare
muchhigherandlimited by the capacityof thevanthathasto deliverthemealsdirectly to
the plane.In this examplethe statesof the Markov decisionprocessonsistof numberof
mealsalreadyallocatedandthe numberof booked andstand-bypassengerslhe actions
in eachstateconsistof choicesabouthowv mary extra mealsto prepareor deliver. The
directperformancdor performinganactionin a certainstatedepend®n the mealcosts,
thereturnmealpenalty thevandelivery chage,andthe beinglate penalty Thetransition
probabilitiesof the systemmodelgive thelikelihoodof changesn the numberof people
scheduledo y with theplane.

In trafc control Markov decisionprocessesanbe found, e.g.,in thetrafc signal
control at a crossroadWiering (2000)). The stateof the systemcan be the numberof
carsstandingin front of thetrafc signals. Actions thatthe agentcan perform(in each
state)consistof choosingtraf ¢ signalcon gurations. In local controlcontext, thedirect
performancehattheagentobtainsmaydepende.g.,ontheaveragewaitingtime for each
car Thelowerthiswaitingtimeis, thebetterthe performanceThetransitionprobabilities
of the systemmodel dependon the numberof carsthat during a greensignal period
manageo leave the crossroad.

Furtherexamplesof theuseof Markov decisionprocessedealwith queuingnetworks,
highway pavementrepair inventory control, knapsackproblems,network control, and
roboticmotion.
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4 MPC for Mark ov DecisionProcesses

In this sectionwe proposethe useof MPC for controlling modelsthat canbe modeled
asMarkov decisionprocessesThus,we assumehatwe are given a systemmodeland

a performancemodel as describedn the previous section. We cannow implementthe

principlesof MPC to comeup with an MPC stratey for controlling systemsdescribed
with suchmodels.Recallthatfor nding asequencef actionsthe MPC approactrelies

on controlandpredictionhorizonsthatarerolling. Let uslook attheseelements.

4.1 BasicApproach

Rolling Horizon  Similarto alternatve approachegherolling horizonprincipleis eas-
ily includedin theMPC for Markov decisionprocesseby observingateachdecisionstep
the stateof the true systemandsynchronizinghe estimatethatthe agenthasof the state
of the systemwith this.

Finite Horizon Typically it is assumedhatat the stepsbetweernthe endof the control
horizonandthe predictionhorizonthe action staysthe same. However, in our casethe
setof possibleactionsmight changeper stateandthis is thusnot a reasonabl@pproach.
Also, sincewe do notconsidersystemshathave autonomou®ehaior anactionhasto be
chosenn eachstateof the system otherwisethereis no systemevolution. Thereforewe
concludethatthe controlhorizonshouldequalthe predictionhorizonin MPC for Markov
decisionprocesses.

Algorithm  Wenow needto de ne thewayin whichtheagentcan nd anoptimalaction
sequencesThe agentsomehav hasto usethe systemand performancenodelto nd a
sequencef N; actionsthatgivesthe bestperformanceverthe controlhorizon.Fromthe
graphicalviewpoint of Markov decisionprocesseshis comesdown to nding the path
of N¢ stepsthat hasthe highestexpectedaccumulategerformance.A straightforvard
approachthat achievesthis simply considersall possiblepathsconsistingof N actions.
It sumsall the accumulategerformanceand gives asresultthe sequencevith highest
accumulategerformance.The performance-to-g¥ is for now assumedo be zero, as
commonlydonein MPC. Theseconsiderationseadusto the following straightforvard
algorithmfor MPC for Markov decisionprocesses:

1. Roll the horizonto the currentdecisionstepby observingthe stateof the system
andde ne the optimizationproblemof nding theactionsover the controlhorizon
thatmaximizethe performancestartingfrom the obseredstate.

2. Find all pathsof lengthN. andaccumulatehe expectedperformance.Determine
thesequencef actionsthatleadsto the pathwith the highestaccumulate@xpected
performance.

3. Implementthe rst actionof this sequencandmove onto the next decisionstep.

Discussion TheproposedMPCalgorithmmightsuffer fromthedisadwantagesliscussed
earlierfor generalMPC techniques.The amountof computationatesourcesequiredto
considemall pathsoveralengthof thecontrolhorizondepend®n N. andthenumberof ac-
tionspossiblerom eachencounteredtate.In particularwhenthereis averylargenumber
of actionsfrom eachstate jt maybeimpossibleto considerall paths.Also whetheror not
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the systemmodelor the performancenodelaredeterministicor stochastichasin uence
on the speedat which the pathscan be evaluated. Furthermore pecauseof the limited
horizonover which actionsareconsideredtheresultingpolicy maybe suboptimal.

As asolutionthecontrolhorizonmight be chosersmall,but thiscomesattheexpense
of larger sub-optimality Alternatively we canmake useof the performance-to-géunc-
tion, which we will from now on referto asvaluefunction thatfor eachstategivesthe
accumulateduture expectedperformance Using the informationfrom this functionthe
computationgequiredat eachdecisionstepmaydecreasaigni cantly.

4.2 Value-Function Approach

Value Functions Value functionsgive the expectedaccumulateduture performance
for eachstatex. Obviously the future performancedependsn the actionstakenin the
future, and sincethe actionstaken in the future are chosenby a policy, value functions
dependon policies. The optimal valuefunction givesfor eachstatethe highestpossible
future performancdrom thatstate. This highestpossiblefuture performances obtained
by following the actionsthatan optimal policy prescribesThe optimalvaluefunctionis
obtainedby solving:

ny o
V X, =maxE g rg ; 4)
k= ko

wherery is the performancaeceved for the transitionat decisionstepk. The optimal
valuefunctionV hasthemostaccurateestimate®f thefutureperformanceo beexpected
whenin acertainstate.

Assumethat the optimal value function is known. From the graphicalviewpoint of
Markov decisionprocessesthis meansthat we canlabel eachnodewith the future ex-
pectedperformance.In that case whenthe systemis in statex, all the agenthasto do
is considerthe actionsa 2 A4 possiblein statex and nd the actionthat givesthe best
combinationof directly obtainableperformanceplus expectedaccumulategherformance
from the statewherethesystemwill endupin afterexecutionof actiona. This quantityis
calledthe Q valuefor the (x;a) pair. Theagentusesthe performancenodelto determine
thedirectperformanceain for choosinganactionandthe systemmodelto determinghe
successostate. Theagenthasto nd theactionthatgivesthe highestQ value,i.e.,

" #
ac= agmax q PIxca) rixcaxd+Vv (9 (5)
aZAxk x0

Thus, when the optimal value function is known, insteadof consideringN; steps,the
procedurethat the agenthasto perform at eachdecisionstepreduceso a single one-
stepoptimizationprocedurej.e. the control horizonbecomed\; = 1. Moreover, since
we assumeadan optimal value function, the chosenactionsare optimal over the in nite
horizon.

Theproblemis thatin generaheitheroptimalpoliciesnor optimalvaluefunctionsfor
thecontrolof dynamicsystemsareknown in advance.Thus,thequestions how thevalue
function canbe computed.Sincewe are consideringhe in nite-horizon case the agent
cannotsimply computethe valuefunction,sinceit cannotexplicitly sumtheperformance
over anin nite horizon. So insteadit hasto approximatethe value function in some
way. Oneway of approximatingthe value functionis by useof a discountfactor. This
discountfactormakesthatthein nite sumof performancesorverges. We canemploy
dynamic-programmingnethodgo nd thevaluefunctionin this case.
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Dynamic Programming Dynamic-programmingBellman (1957)) methodsapproxi-
matethevaluefunctionwhendiscountactorsareused.Givenapolicy, dynamic-programming
methodscomputethevaluefunctionas:

n y 0
Vi) =E @& g orc ; (6)
k=ko
whereg 2 (0;1) is thediscountfactor Thecloserg is choserto 1, the morelong-term
performancexpectationsaretakeninto account. The discountfactormakesthat perfor
mancerecevedearlieris moreimportantthanperformancebtainedfurtherin thefuture.
We canrewrite thevaluefunctionas:

n ¥ 0
Vixg)=E & g 'ory
= o
Efrig+ Oigr 1+ FPligr2+ :1:0
Efr+ 9V (%o+1)9

#

A P(xed) r(gaxXd+ gd POdxg;aved ; (7)
a2AxkO x0

wherePs (x;a) is the probability that the policy assigngo choosingactiona in statex.
Equation(7) is calledthe Bellmanequatiorform of thevaluefunction. Bellmanequations
relatevaluefunctionsrecursvely to themseles.

Methodsthat nd the optimalvaluefunctiontreatthe valuesof the optimal valuesof
the statesasunknavns. In thatcasea systemof Bellmanequationdor all stateformsa
systemof equationavhoseuniquesolutionis the optimalvaluefunction (Sutton& Barto
(1998)).

Algorithm  With the valuefunctionwe cande ne an MPC algorithmfor Markov deci-
sionprocesseasfollows:

1. Apply therolling horizonprinciple by updatingthe stateestimatewith a measure-
mentof the state.

2. Computethevaluefunctiongiventhelatestsystemmodel.

3. Formulatethe optimizationproblemover a controlhorizonof N; = 1 of nding the
actionthatbringsthe stateof the systeminto the statewith highestvalue.Solve the
optimizationproblem.

4. Implementthefoundactionandmove onto the next decisionstep.

Discussion Computingthe optimalvaluefunctionateachdecisionstepis too computa-
tionally expensve. Computingthe optimal valuefunction of ine beforethe agentstarts
controllingthe system(e.g.,asin Bemporacetal. (2002))reduceson-line computations,
but hasas disadwantagethat the systemcannotvary over time. The systemshouldbe
time invariant. As mentionedefore,modelsareinherentlyinaccurateln MPC, typically
deterministiomodelsareassumedIn thatcase modeledtransitionprobabilitiesandtrue
transitionprobabilitieswill notcompletelymatch.Also, theseprobabilitiesmight change
overtime; sometransitionamight notevenhave beenmodeledatall. Althoughtherolling
horizonprovidessomerobustnessstructuralchangesn parametersf the systemmodel,
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e.g., transitionprobabilities,or changesn the performancemodel are not anticipated.
Instead we may updatethe valuefunction on-line usingexperiencefrom the interaction
betweenthe agentandthe true system. In the following sectionwe proposethe useof
reinforcementearningto updatethe valuefunctionon-line.
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5 MPC with ReinforcementLearning

5.1 ReinforcementLearning

Sincethereis uncertaintyin the systemandperformancenodel,we do not wantto com-
putethevaluefunctiononceat the beginning. Onthe otherhand,we alsodo not wantto
computeit atevery decisionstepbecausehis takestoo mary computations\We propose
to combinethe MPC for Markov decisionprocessemtroducedearlierwith learningthe
value function on-line using reinforcementearning (Sutton& Barto (1998); Kaelbling
etal. (1996);Wiering (1999)). In reinforcementearningwe have a stochasticsystemof
whichwe do notknow thetransitionprobabilitiesandthe performancef takingactionsin
individual states Sinceanagentwantsto nd apolicy thatgivesthe maximalcumulatve
expectedfuture performanceit hasto interactwith the systemwhichimplicitly contains
the systemmodelof which the agentrequiresnformationto determinethe optimalvalue
function.

In reinforcementearningexperienceis built up over time, insteadof assumeavail-
ablein a priori knowledge. The experiences basedon the performancendicationsthat
give informationabouthow well a certainactionwasin a certainstateof thesystem.The
experienceis also basedon the statetransitionsof the systemunderactionstaken. In
reinforcementearningthevaluefunctionis approximatedy keepingtrackof the perfor
manceobtainedat eachdecisionstepconsideringhe systemstate performedaction,and
resultingsystemstate. At eachdecisionstepthe valuefunction of the lastdecisionstep
is updatedwith the experiencebuilt up over thatlastdecisionstep. This experiencethat
is, the obtainedperformanceandication and stateobsenation, are samplesof the value
functionthatthe agentwantsto acquire.Eachperformancebtainedby executinga cer
tainactionin a certainstateleadingto anotherstategivessomeinformationaboutthetrue
valuefunction. By obtainingsufciently mary of thesesamplegheagentmayaccurately
estimatethetruevaluefunction.

Temporal-DifferenceLearning Oneof the methodshat computeghe valuefunction
without knowledge aboutthe systemor reward model using samplesof interactionis
Temporal-Diference(TD) learning(Sutton(1988)). TD learningusescurrentvalueesti-
matesof successie statedo updatethe valueof the currentstate.Implicitly theassump-
tion of time continuityis made:statesvisitedin the sameinterval predictaboutthe same
outcome.

TD methodstry to minimize the differencebetweenvalue estimatesof successie
decisionsteps,explicitly using value estimatesof successie states. For this, the TD
methodTD(0) usesonly the currentperformancendicationandthe estimateof the value
of the next state.TD(0) updateghevalueof a stateas:

V(%) = V(X + ax (re+ V(1) V(X)) (8)

whereay, is alearningrate,andtheterme, = rg+ gV(Xw1) V(X is de ned asthe
TD(0)-errot which givesthe errorin the currentvalue estimateof statexy. Thelearning
rateis usedto be ableto make the estimatedvaluefunction cornverge by letting it decay
over time whenmoreexperiencehasbeenbuilt up.

The variancein the TD-errorsgivesanindicationof the uncertaintyin the valuees-
timates. We may usethis to determinewhenexperienceis sufciently trustworthy. The
variances of thevalueestimateassignedvith statexy is computedas:

S(X) = (lk+ M(Xwr1)  V(x))% 9)
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TD(/ ) with Eligibility Traces TD(!l ) learninggeneralize§ D(0) learningin thatthe/
parameteanllows performanceandvalueestimatesurtheraway in the future to be taken
into accountaswell. Thel factoris arealnumberin the interval [0; 1], which weighs
performancandvalueestimategurtherin thefutureexponentiallyless.With probability
1 value estimatescorverge to the true valuesfor all / , when eachstateis visited by
in nitely mary timesandthe learningrate diminishesto zero. To computethe TD(/ )-
errorswe needto know the TD(0)-errorsof all future steps.For anin nite horizonit is
impossibleto know these. Instead we incrementallyupdatethe value estimatesas nev
TD(0)-errorsbecomeavailable using eligibility traces(Barto et al. (1983)). Eligibility
tracesindicatehow mucha stateis eligible to learnfrom a new TD(0)-error How much
thisis dependn | , thereceny of the stateappearanceandthe frequeny of the state
appearancelt canbe shavn thatthe updateof the value of a stateusinga performance
indicationreceveda numberof stepsin thefutureis

DV(x) = a(x)edk(x); (10)

wherelg(x) representshe accumulatingeligibility tracefor x, which canrecursvely be
implementedas:

ke 1(®) 1 dk(x) if X« & x (11)
ke 1) 1T d(X)+ 1 if X=X (12)

Insteadof using accumulatingeligibility traces,we may also usereplacingtraces in
which casetheeligibility for a stateis simply resetto 1 whenit is encounterednsteadof
incrementedy 1.

5.2 MPC with TD(/ ) Algorithm

We now combinethe MPC for Markov decisionprocessesvith learningthe valuefunc-
tion. In the beginning the agenthasno experienceto rely on, so it shouldnot rely on
its valuefunction. Insteadthe agentshouldfully rely onits MPC decisions.Lateron it
gainsmore experienceandthe decisionsthatit canmake basedon the valuefunctionit
learnedwill becomamoretrustworthy. In theextremecasethe agenthasgainedsomuch
experiencewith the systenthatit shouldfully rely ontheexperience.

Competitive Approach As a rst approachto combineMPC with learningwe could

considera competitve situation betweenthe MPC and the learning part of the agent.
Thesewo partscouldcompeteover which of themgetsto make the decisionaboutwhich

actiontheagentakes.In thebeginning,thelearningpartwill have adif cult time compet-
ing with the MPC part,sinceit hasno experienceat all with controllingthe system.Over

time thoughthe learningpart doesget more experiencedand at somepoint the learning
partmightproposeactionsto take thatarebetterthanthosesuggestetty theMPC part. At

thatpointthe agentcaneitherswitchto completelyusingthe experience-basedecisions
andnot usingthe MPC partanymore,or it canat eachdecisionstepdecideon which of

thetwo to rely on. It may decideon which of thetwo it shouldrely by keepingtrack of

thequality of earlieractionsproposedy thetwo.

Collaborative Approach Alternatively, insteadf seeinghedecisionmakingasacom-
petitionbetweerthetwo partswe canseet asacollaboratiorbetweertheparts.TheMPC
part providesbasicrobustnessaanddecisionmakingover the relatively shortterm, while
thelearningpartprovidesexperienceanddecisionmakingover thelong term.
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The agentmay graduallyincorporatethe experiencebuilt up in the valuefunctionin
its decisionmaking. In the beginning it shouldstill not rely too much on the learned
valuefunctionsinceit hasnot gatherednuchexperiencewith the systemyet. Theuncer
tainty in the valueestimatesthatis, in the estimatef the expectedaccumulateduture
performances high. Over time the agentsuilds up moreexperienceyesultingin value
estimatesvith higheraccurag. In thatcasetheagentshoulduseits experiencen its deci-
sionmaking. In the algorithmwe proposenext the agentusesaccuratevalueestimateso
decreas¢he controlhorizonover which MPC computegaths thusspeedingip decision
making,while increasingdecisionquality.

In our rst algorithmfor Markov decisionprocessegon page7) the agentcomputed
theaccumulategherformancdor eachpathoverthecontrolhorizonof lengthN¢. Wethen
ignoredthe value (or, performance-to-godf theresulting nal pathstate.Now however
we canincorporatethe value function that is being learnedin this process. Whenthe
agentis consideringa certainpathof lengthNc it canateachstepin thatpathconsiderthe
value of the stateassociatedvith the stepin thatpath. If the uncertaintyin the value of
thatstateis low, thenthe agentcanstopconsideringhe restof the pathandinsteadtake
thegivenvalueasestimateof the obtainablduture accumulategberformanceWe cando
this sincethe value of that stateindicatesthe expectedaccumulateduture performance
startingfrom thatstate.

Theoutline of thealgorithmwe proposes asfollows:

1. Theagentrolls the horizonof thelaststepforwardto the currentstepk, measuring
the currentstateof the system.

2. The MPC partof theagentconsiderseachpathof lengthN, startingfrom themea-
suredstate. It nds the pathof state-action-neard-stategx; a;r;x9 that givesthe
maximalaccumulategherformancever thecontrolhorizon.While consideringhe
paths,the agentmay encountela statethat hasa value estimateassociateavith it
with uncertaintybelov somethreshold.This estimatandicatesthe expectedaccu-
mulatedfuture performancdrom thatstateonwards,andthusthe MPC partcanuse
thatvalueasindicationfor the expectedaccumulateduture performance.lt need
not considerary furtherstepsonthatpath.

3. Thelearningpartof theagentincorporateshe (x; a;r; x9 samplegjeneratedy the
MPC part of the agent. The samplesgeneratedy the MPC part are predictions
aboutthe behaior of the systemand predictionsaboutwhatis optimalto do con-
sideringthe controlhorizon. The learningpartusesthesesamplesasidealizedex-
periencelt incorporatesll generategerformancendicationsn its valuefunction,
therebydecreasinghe uncertaintyin thevalues.Thelearningpartwill incorporate
the predictedsampledrom the startingstateto the stateof which the valueis used
of the paththat hasmaximaltotal performance.Note that sincethe agentusesa
valueestimateonly whenthe uncertaintyin it is belov somethreshold,t doesnot
matterhow thevaluesareinitialized.

4. Theagentimplementghe rst actionin the sequenceleterminecandmaoveson to
the next decisionstep.

5.3 Discussion

Thedescribedalgorithmhassomeattractve features First of all, oncethevaluefunction
is computedvith highenoughaccurag, thecomputationallyntensve MPC optimizations
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over thefull controlhorizonusingthe systemandperformancenodelcanbe reducedo
an optimizationover one stepusingthe systemmodelandvalue function. Besidesthat,
in the secondphaseof operation the decisionghe agentmakesarebasedon anin nite
horizon, sincethe valuesof the statesrepresenthe expectedaccumulategerformance
overthefull future. This makesthe actionschosercloserto optimal.

Also, theapproactallowsfor thesystemanddesiredoerformanceo changeovertime.
In particularwhenwe considersystemghathave alonglifetime thisis anadvantage The
performancenodelcanbeupdatedat eachdecisionstepwith someidenti cation method.
TheMPCagentwill thengeneratesamplesisingthesenew rewards,andthelearningpart
will incorporatethesesamplesand slowly adjustto the new performance.The system
modelmay alsochangeover time and be updatedat eachdecisionstep. The transition
probabilitiescanchangeovertime, e.g.,dueto aging.By monitoringthe actualtransition
from a stateto anothemndera certainaction,a systemmodelcanbelearned.This model
will adaptto changingsystembehaior. The MPC part can usethis modellearnedto
computdts paths.Theproblemis thatthevaluefunctionis implicitly basednthesystem
model. However sinceTD methodsdo not needa systemmodelthey will adjustto the
new situation.

Finally, theproposeapproactstill acknaviedgegheconstraintsn theoriginalmodel.
Moreover, if constraint@reviolated,thereinforcementearningpartmightobtainahighly
negative feedback Thiswill learntheagentthatin thefutureit shouldavoid the samesit-
uation.
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6 Conclusion

In this paperwe have considerednodelpredictive controlfor Markov decisionprocesses.
We have proposeda straightforvard algorithmfor thesekind of models. However, this
algorithmmight suffer from too high computationatequirementandsuboptimality As
a rst solutionto thiswe have consideredheuseof valuefunctions.Oncevaluefunctions
areknown well, thecomputationatequirementseduceto anMPC problemwith acontrol
horizonof only lengthone. At the sametime, the decisionsarebasedon in nite-horizon
information. The problemis thatin generalhe valuefunctionis not known well enough
a priori. In this paperwe have consideredhe useof experienceto incrementallylearn
the value function over time. Using the reinforcementearningmethodcalled TD(/ )
learningtheagentcanincorporateexperienceouilt up throughinteractionwith thesystem
it hasto control. In this way it will over time get a sufciently good estimateof the
valuesof states.Onceit hasbuilt up enoughexperiencethe agentcanfully rely on it,
thusreducingthe computationgequiredto do the MPC for Markov decisionprocesses
without learning. Additional advantage®f the proposedapproacHie in thefactthatthe
agentwill adaptto changingsystemcharacteristiceor performancecharacteristics.The
parametersf the performancdunctionor systemundercontrolmay slonvly changeover
time. Sincetheagentcancontinuouslyincorporatenewly gainedexperienceijt will adapt
to thesechanges.

We closewith someremarksand future researchdirections. In this paperwe have
consideredID(/ ) learningfor nite Markov decisionprocessesTo dealwith high di-
mensionalcontinuousaction and statespaceswve can use a subclassof reinforcement
learningmethodscalled actorcritic methods(Sutton& Barto (1998)). We alsoremark
thatin this paperwe have silently assumedhatwe canstorethevaluefunctionin atable.
In this way we have anexplicit representationf the valuefunction. Sometimesve may
not be ableto make an explicit representatiomnd may have to usefunction approxima-
torsto make animplicit representatiof the value function. Note that MPC may still
be combinedfruitfully with reinforcementearningusingfunctionapproximatorgSutton
& Barto (1998)). Futureresearchdirectionsconsistof consideringalternatve waysto
decidewhenthe agenthasgainedenoughexperienceto switchfrom relying onthe MPC
decisionsto the decisionslearned. Furthermore gxperimentsneedto be implemented
to furtherinvestigate andshawv the potentialof the proposedexperience-baseMPC for
Markov decisionprocesses.
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